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A matrix is a rectangular array of elements (usually called scalars),
which are set out in rows and columns. For example, if A denotes a

2 5 7 8
matrix givenby | 5 6 8 9 |, then number of rows in A are 3 and
2 5 6 4

the columns are 4. And we say that it is a 3 x 4 matrix. More
mathematically we say; an arrangement of mn numbers in m rows
(horizontal lines) and n columns (vertical lines) is called an m x n
matrix or a matrix of order m x n. It is denoted as

an apy...dy,

asy ayy...dy,

A=|: : : or A = [a;l,, x, or A = (a;)

An1 Am2--App
Where a;; denotes the element of '™ row and j* column.

Square matrix: A matrix with equal number of rows and columns is
called a square matrix. An n x n matrix is called a square matrix of
order n or an n rowed matrix.

Row matrix: A matrix of order 1 x n is called a row matrix i.e. a row
matrix have only 1 row.

Column matrix: A matrix of order m x 1is called a column matrixi.e.
a column matrix have only one column.

Zero matrix or null matrix : A matrix whose all elements are zero.
Matrix of such kind are denoted by 0,, , ,, or O.

Diagonal Matrix: A square matrix in which all its elements are zero
except those in the leading diagonal is called a diagonal matrix. Thus
in a diagonal matrix a; = 0ifi =

The diagonal matrix of order 2 and 3 are as follows:

kk 0 0
B0l lg ko
0 k| 2
2100 0k

Note that elements a;; of a matrix for which i =j are called the diagonal
elements of a matrix and the line along which all these elements lie is
called the principal diagonal or diagonal of the matrix.

Scalar Matrix: A square matrix in which all the diagonal elements are
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Algebra of matrices

equal and all other elements equal to zero is called a scalar matrix i.e.
in a scalar matrix a; =k, fori =jand a; =0 fori #j

k 0 0
Thus |0 & 0| is a scalar matrix.
0 0 %

Unit Matrix or Identity Matrix: A square matrix in which all its diagonal
elements are equal to 1 and all other elements equal to zero is called
a unit matrix or identity matrix.
1 0

1
For example | o 1| °F 0 1
0 0

Equality of Matrices:

Two matrices A = (a;) and B = (b;) are said to be equal written as
A=Bif

(i) they are of same order.

(i) a; = b, for each i and .

. Addition of two matrices: Let A = (a;) and B = (b;) be two m x n

matrices. The sum A + B of A and B is defined as

A + B = (c;) where ¢; = a;; + b, for each i and j.

Note that we add two matrices of the same order by adding the

corresponding entries. We can not add two matrices if they are of

different order.

Negative of a Matrix: Let A = [al,, «, be a matrix, then the negative of

the matrix A is defined as the matrix [-a,,, ., and is denoted by —A.

Thus negative of a matrix is obtained by making all the elements of

the given matrix negative.

Subtraction of two matrices: Let A = [a;l,, «, and B = [b],, ., be two

matrices of the same order.

Then the difference of A and B is denoted by A — B
A-B=A+[-Bl=la;—byl,x

Thus the matrix A — B is obtained by subtracting the elements of B

from the corresponding elements of A.

Scalar Multiplication of a Matrix: Let [a,l,, ., be a matrix and K is a

scalar, then the matrix obtained by multiplying the individual element

of the matrix A by K is called the scalar multiplication of A by K and is

denoted by KA or AK.

Multiplication of Matrices:

Let A be m x n and B be n x p matrices, then the product of matrices

A and B denoted by AB is the matrix of order m x p, whose (i, )™

element is obtained by adding the products of corresponding elements

of i row of A and j'™ column of B.

Mathematically, let A = [a;],, « , be a matrix of order m x n and

B = (b3), «» amatrix of order n x p. Then the product AB is denoted as

n
a matrix C = [cyl,, », of order m x p where c;, = 2, a;b
Jj=1
1.e.Cjp = ailblk + Qo bgk + ... ambnk
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Illustration 1 : Find the value of x, ¥, z and a which satisfy the matrix equation
x+3 2y+x| |0 =7
z-=1 4a-6| |3 2a
x+3 2y+x 0 -7
Soln.: We have given the matrix equation | _ _; 4. _¢ 3 24
We have to determine the value of x, y, z and a using the given matrix equation.
From definition of equal matrices two matrices are equal if their individual elements are equal.
From the above definition of equality of matrix we will get that

x+3=0,2y+x=-7,2-1=3,4a-6=2a0a > x=-3,2y=-""T-x,=2> 2y=-T+3 = y=-2,z2=4,
20a=6 > a=3 .. x=-3,y=-2,z=4,a=3.

1 2 3 4 5 6 -2 1
IMMustration2:If 4=|{-1 0 2|;B=|-1 1;C= 2 3|.FindA-2B+3C
1 -3 1 2 1 2 { -2
1 2 3 4 5 6 -2 1
Soln.: We have three matrices 4 =|-1 0 2|;B=|-1 0 1|;C= 2 3
1 -3 1 2 1 2 -2 2

We have to determine the value of A — 2B + 3C.
We will use the definition of addition and subtraction of matrix to get the required result.

1 2 3 4 5 6 8 10 12
A=|-1 0 2,B=|-1 0 1| =2B=|-2 0 2 (By definition of scalar multiplication)
1 -3 1 2 1 2 4 2 4
-1 21 -3 -6 3
C=1|-1 2 3|=3C=|-3 6 9
-1 -2 2 -3 -6 6

1 2 3] 8 10 12] [-3 -6 3
A—9B+3C=|-1 0 2|-|-2 0 2|+|-3 6 9

1 -3 1 4 2 4 -3 -6 6
1-8-3 2-10-6 3-12+3 -10 -14 -6
=|-1+2-3 0-0+6 2-2+49|=| -2 6 9
1-4-3 —3-2-6 1-4+6 -6 -11 3
1 2 =3 3 -1 2
Illustration 3: Given 4=|5 0 2 [;B=|4 2 5/|.Find the matrix C such that A + 2C = B.
1 -1 1 2 0 3
1 2 =3 3 -1 2
Soln.: A=|5 0 2 |;B=|4 2 5
1 -1 1 2 0 3

We have to determine the matrix C such that A + 2C = B.
We will use the definition of addition and subtraction of matrix to get the required result.

1
A+2C=B = 2C=B-A = C= E(B_A)

3 -1 2 1 2 -3
First we will determine B={4 2 5;4=|5 0 2
2 0 3 1 -1 1
3-1 -1-2 2+3 2 -3 5
B_A-= 4-5 2-0 5-2|=|-1 2 3
-1 0+1 3-1 1 1 2
1 1 2 -3 5 1 -3/2 5/2
SoC = E(B -A)= 5 -1 2 3|=[|-12 1 3/2

1 1 2 172 12 1
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1 -2
I&m&ﬂbn4ﬁhd&ewhedABﬂA—B=[3 ﬂ;A+B=[ }

3 2] 1 =2
Soln.:WehaveA—B:[_1 0},A+B_[3 4}

We have to determine the value of A and B.
We will solve the two equations treating them as a system of equations using definition of addition of
two matrices.

1 -2
3 2
A-B=|"| , (2)

1 -2 3 2
Adding (1) and (2) we get A+B+A—B=[3 4}{ 0}

4 0 42 0] [2 0 1 2] [2 0] [-1 =2
= 2A=15 4l 0r A= 5s 4p|T|] 2| ad B=13 4|71 27| 2 2

1 -2 3 1 0 2
Ilustration5:I1f 4=| 2 3 -1|andB=|0 1 2|, obtainthe product AB and BA and show that AB
-3 1 2 120
#BA.
1 -2 3 1 0 2
Soln.: We have two matrices 4={2 3 -1|;B=|0 1 2
-3 1 2 1 2 0

We have to determine the value of AB, BA and validate that AB = BA.
From definition of product of two matrices A = [a;],, « , be a matrix of order m x n and B = [by], «, be a
matrix of order n x p. Then the product AB is denoted as a matrix C = [c;],, <, of order m x p where

C;p = Z al] il 1.e. Cipp=a; blk + a;s bgk +...+Qqa;, bnk'

1 -2 3 1 0 2
We already have 4 =| 2 3 -1|;B=|0 1 2
-3 1 2 1 2 0

From above definition of product of two matrix we get;

1 1+40+3 0-2+6 2-4+40 4 4 -2
AB = 0 2 —| 2+0-1 0+3-2 4+6+0|=[1 1 10
1 0 -3+0+2 0+1+4 —-6+2+0 -1 5 -4
1 0 21 -2 3 1+0-6 -2+0+2 3+0+4 -5 0 7
and BA=|0 1 2] 2 3 -1|=|10+2-6 0+3+2 0-1+4|=|-4 5 3
1 2 0_ -3 1 2 1+4+0 -2+6+0 3-2+0 5 4 1
Hence AB # BA
) f2 3 1], [1 2 -6 s o
INlustration 6 : If 4= 0 -1 5}, B = [0 1 3 } evaluate A” — B*.

0 -1 5 0 -1 3
We have to evaluate the value of A — B
A’-B’=(A+B)(A-B)
Thus we will first determine the individual A + B and A — B and then multiply them to find the required
value. Alternately we can determine A% B? and subtract them to get the value required.

2 3 1 1 2 -6
A‘L}—15}B & -1 3}
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A+B {3 5 —5}
=+ =
0 -2 8] 4

11 7
A-B= 00 2 2x3
Since number of columns of A + B = number of rows of B .. the product is not possible.

Remarks 1. The product AB is defined when the number of columns of A is equal
to the number of rows of B.

2. The (i, k)™ element c;; of the product AB is given by multiplying
the elements of the i row of A by the corresponding elements of
the £ column of B and adding the resulting products. This type of
multiplication is called row by column multiplication.

3. If ABis defined, then BA may not be defined. In fact AB and BA are
both defined when A and B are square matrices of the same order. In

general AB = BA.
Illustration 7 : The matrix R(¢) is defined by R(¢) = [_C;iltt (s:;r;tt} show that R(s) R(t) = R(s + ).
. cost sint
Soln.: We have the matrix R(¢) = [_ sinf  cos t}

We have to show that R(s) R(t) = R(s + t)
Using the value of given R(¢) and the definition of product of two matrices we will find the product R(s)
R(#) and will show that it is equivalent to R(s + ¢).

R(s) . R@®) coss sins || cost sint COS § COS ¢ —sin ssin ¢ coS ssin f +sin scos ¢
§). filt) = —sins coss || —sint cost —SIin §COSt —CoSssin¢ —sin sSin ¢ + COS S COS ¢
cos(s +¢ sin(s + ¢
= . ( ) ( ) = R(s+1)
—sin(s +¢) cos(s+1¢)
Properties related to 1. Matrix addition is commutative: If A and B be two m x n matrices,
algebra of matrices then A + B=B + A.

2. Matrix addition is Associative: If A, B and C be three m x n matrices,
then(A+B)+C=A+B+0(C).

3. Ifk; and k&, are scalars and A be a matrix, then
(R1+ky) A=FA +FRA.

4. Ifk, and &, are scalars and A be a matrix, then
ki(koA) = (k1ks) A.

5. If A and B are two matrices of same order and %, a scalar, then
k(A + B) = kA + kB i.e. the scalar multiplication of matrices distributes
over the addition of matrices.

6. Ifk; and k, are two scalars and A is any matrix, then
(R1+ky) A=FA +FRA.

7. If A is any matrix and k% be a scalar, then (-k)A = —(RA) = k(-A).

8. (i) Associative Law of Multiplication:i.e.if A, B and C be three matrices
of order m x n, n x p and p x q respectively, then
(AB) C=A(BOC)

(ii) Distributive Law: Multiplication of matrices is distributive with
respect to addition i.e. if A, B and C are three matrices of order m x n,
n x p, p x q respectively, then A (B + C) =AB + AC.

(iii) The multiplication of matrices is not always commutative.
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b
Illustration 8 : If a, b, ¢, d are real numbers and A = [i d} prove that A —(a +d) A + (ad —bc) I =0

b
Soln.: We have the matrix A = [i d} for a, b, ¢, d being real.

We have to prove that A> — (@ +d) A + (ad —bc) I =0
We will determine A? and then using A%, A and I try to solve A” — (a + d) A + (ad — be) I to obtain the
required zero.

|:a b} ) [a b}[a b}: a*+bc ab+bd
4 = c d A=l dfle d ac+dc be+d*

a’>+bc ab+bd a b 1 0
AQ—(a+d)A+(ad—bc)I=LHdC bt d —(a+af)[C d}(ad—bc)[o 1}

a’+bc—a’ —ad+ad —bc ab+bd—ab—db+ad—bc _[0 0}_0
ac+dc—ac—dc bc+d®* —ad —d*+ad—be| [0 O]~

Transpose of a matrix e Let A be am x n matrix. Then the matrix of order n x m obtained by
changing its rows into columns and columns into rows is called the
transpose of A and is denoted by A’ or A7 or A.

e Symbolically, if A = [a;l,, « , is a matrix then, the transpose of
the matrix A denoted by A’ or AT or A is defined as A’ = @'l x m
Where a';; = a;

¢ Note that the element a; in the i™ row and j™ column of A stands in
the j™ row and i™® column of A’ and the transpose of m x n matrix is
n x m matrix.

Some properties related | (i) The transpose of the sum of two matrices is the sum of their transposes

to transposed matrix i.e.
(A+B)=A"+B
(ii) The transpose of the transpose of a matrix is the matrix itselfi.e. (A"
=A

(iii) IfA is any matrix and % is any number, then (RA)' = kA’.
(iv) The transpose of the product of two matrices is the product in the
reverse order of their transposesi.e. (AB) = B'A’.

1 4 2
Illustration 9: IfA=|2 5 3|, findA +A".
3 -1 0
1 4 2
Soln.: We have the matrix A = § 51 (3)

We have to find the value of A + A”.
By the definition of transpose, the value of AT is obtained by interchanging rows to columns and columns

to rows.
1 4 2
A=|2 5 3| . Bydefinition of transpose
3 -1 0
1 2 3
AT =4 5 -1
2 3 0
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2 6 5
A+AT=16 10 2
5 2 0

4
Tlustration 10 : For A = B ﬂ B- L ﬂ Show that (AB) = B . A",

3 4 1 2
We have to show that (AB)' = B . A",
We will first determine AB and then find its transpose and show that it is equal to the product of two
individual transpose.

1 2 4 5
A=[3 4}}3:[1 2}
1 27[4 57 [6 9 6 16 1 3], 41
AB=[3 4}[1 2}_[16 23} (AB)t=[9 23]AISOA£=[2 4}’3 ‘[5 2}
4 1701 37 [6 16
BtAt:[s zMz 4}:[9 23}

Determinant of a square| ¢ Corresponding toeach square matrix

Soln.: We have the matrix 4 = [1 2}; B = [4 5}

matrix
a4y dpzedyy,

dyy Ay dp3 4y,

A=

Ap1 Qpa Ap3.-Qpy

there is an expression associated called the determinant of A, denoted
by det A or |A |, written as

ap  app..aq,

a21 azz...azn

det (A) = |A| =

a,; a,...a,,

¢ A matrix is an arrangement of numbers and so it has no fixed value,
while each determinant has fixed value.

¢ A determinant having n rows and n columns is known as a determinant
of order n. The determinants of non-square matrices are not defined.

Adjoint of a Matrix ¢ Before defining the adjoint of a matrix let us quickly discuss the
‘cofactors’ which is also given in “Determinants”.

¢ Cofactors: If A is a square matrix, then cofactor of a;;in |A| denoted
by c; is (-1)**/ times the determinant obtained by leaving the i** row
and j™ column passing through the element a;in |A].

* Now let us define the ‘adjoint’. Let A = [a;],, . , be a square matrix and
¢;; the cofactor of a;;in |A|. Then the transpose of the matrix obtained
by replacing each element of A by its cofactor in |A| is known as
adjoint of A and is denoted by Adj A.

i.e. Adj A = B', where B — cofactor matrix = [c,]

e IfA be any n x n square matrix then
A .(AdjA) =(Adj A) . A= |A| I, where I, is an n x n identity
(unit matrix).
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1 0 -1

Illustration 11 : Find the adjoint of the matrix A= |3 4 35 | and verify that
0 -6 -7

AAdjA)=|A| I;=(AdjA) . A

1 0 -1
Soln.: We have the matrix A=|3 4 5
0 -6 -7
We have to determine the Adj (A) and also have to verify that A(AdjA)= |A| I;=(AdjA)A
We know that adj (A) is the transpose of the cofactor matrix.

1 0 -1 45
A = 3 4 5 Cll=(_1)l+1 —6 _7‘ =2
0o -6 -7
3 5 3 4
CIQ_ —‘0 _7‘ =21 Cl3= 0 -6 =—18
0 -1 1 -1
C'21— -6 _7‘ =6 022= 0 -7 =-7
1 0 0 -1
C'23— 0 —6‘=6 C'31= 4 5 =4
1 -1 o
C32=—3 5 =—8 C33= 3 4 =4
¢, G, Cy 2 6 4
AdjA=|C, C,, Cy,|=|21 -7 -8
C13 C23 C33 _18 6 4
1 0 -1
|A| =3 4 51=20
-6 -7

1 0 -1 2 6 4 20 0 O
Now AAdjA)=1|3 4 5|21 -7 -8|=]0 20 0|=20I3=|A|l;
0 -6 -7|/-18 6 4 0O 0 20

Similarly we can obtain (Adj A) A =1,

Inverse of a matrix ¢ LetAbe an n x n matrix, then an n x n matrix B is said to be inverse
of A if AB = BA =1 (where I is n x n unit matrix).

e BisalsodenotedasA™". S0 A . AT=A" A=1]

¢ Anymatrix having inverse is called a invertible matrix.

Properties (i) The inverse of a matrix if it exists is always unique.
(ii) A square matrix A is invertible if |[A| # 0
adj 4
| 4]
(iv) A matrix A is called singular or non-singular according |A| = 0 or
|A] =0
(v) If A and B be two n x n invertible matrix then AB is also invertible

(i) A7l =

and (AB)™" = B' A i.e. the inverse of the product of two matrices is
the product of their inverse taken in the reverse order.
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Illustration 12 : Find the inverse of the matrixA=|-1 3 0

1 2
Soln.: Given matrixA=|-1 3
0o -2

We have to determine A™!

-2

0
1

Al= L (Adj A), where (Adj A), is the transpose of cofactor matrix.

| 4|
For given A
3 0 -1 0
Cll_ 21 =3 Clg=—‘0 1‘—1
-1 3 2 =2
Cs=|¢g =2 C'21=__2 1‘=2
1 -2 1 2
Ca=]g 1|=1 Cu= - —2‘_2
2 -2 1 2
Cs = 30 =6 C32=—_1 0‘=2
1 2
C33 = -1 3 = 5
3 2 6 1 2 =2
AdJA: 1 1 2 alSO |A|= —1 3 0 =3+2—4=1
2 25 0o -2 1
| 3 26
A= — (AdjA)=|1 1 2
| 4] 225
Solution of simultaneous| e There are two types of system of Linear Equations
linear equations 1. Non homogeneous system of Linear equations.
2. Homogeneous system of Linear equations.
Non-homogeneous system| e There are two basic methods for solving non-homogeneous system of
oflinear equations linear equations namely,
1. By Cramer’s rule: we have discussed it in our ‘Determinants’.
Section (page no. 23).
2. By Matrix Method: For the system of equations
AX = B the unknowns can be obtain as
X=A"B
(i) Now if |A| #0then the system is consistent and has a unique solution
given by X =A"' B.
(i) If |A| =0 the system of equations has either no solution or an infinite

number of solutions.

When |A| =0 then find (Adj A) . B.

If (a) (Adj A) B # O, the system has no solution i.e. system is
inconsistent.

If (b) (Adj A) B = O, the system is consistent and has infinitely many
solutions.

Homogeneous system of

linear equations

10 | Matrices and Determinants

System of linear equations AX = B is said to be homogeneous, if B =0
otherwise it is known as non-homogeneous system.
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1. If |A| #0, the system of equations have only trivial solution and it
has one solution.

2. If |A| =0, the system of equations has non-trivial solution and it has
infinite sloutions.

3. Ifnumber of equations < number of unknowns, then it has non-trivial
solution.

IMNlustration 13 : Use matrix method to solve the following system of equations.

x+y+z =3
22—y +z =2
x—2y+32=2
Soln.: Given the system of equations
x+y+z =3
2c—y+z =2
x—2y+3z2=2

We have to solve the above system to determine the value of x, y, z using matrix method.
For the system AX = B, if |A| #0thenX=A"'B
Firstly we will write the system in the form of matrix equation AX = B.

1 1 1)x 3
Thus, |2 -1 1| y|=]2
1 -2 3|z 2
1 1 1 x 3
Where A=|2 -1 1;X=|y|;B=|2
1 -2 3 z 2

Now |A| =]2 -1 1|=1(-3+2)-16-1)+1(4+1)=-1-5-3=-9%0
1 -2 3

.. the equations are consistent and have a unique solution.

Now to find the solution X = A™' B we will determine A~

-1 -5 2
AdjA=|-5 2 1 (verify it)
-3 3 3
-1 -5 2
1 1 . 1
AT = Adj(A) = ——| -5 2 1
| Al 993 3 3

19 59 29731 [1
Thus X = |59 -2/9 -19|2|=]1 nx=ly=12z=1
39 -3/9 39 [|[2| |1

INlustration 14 : Use matrix method to determine whether the following systems of equations are consistent
or not 4x — 3y =5,

8 —-6y=9
Soln.: Given the system of equations
4x -3y =5
8 —-6y=9

Using matrix method we have to determine whether the given system is consistent or not.
For the system of equation AX = B, the unique solution will exist if and only if |A| # 0. If |A| =0 and
also (Adj (A)) B # 0 then system has no solution.

4 -
The given system can be rewritten as [8 —:61 [ﬂ = B} (AX=B)
Now |A| = g :Z =-24+24=0
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Thus either the system has no solution or has infinite number of solution depending on the value of
[Adj (A)IB.

o e el [-6 3] . avam [0 3][5]_[-3
N RE R R YRS H R

.. The system has no solution.

Symmetric and skew- e A square matrix A = (q;) is called a symmetric matrix if A’ = A or
symmetric matrix a;; = aj;; for all (i, j).

* A square matrix A = (a;) is called a skew symmetric matrix if
Al=-Aora;=—a; Vi, jifi=j,a;=-a;=>—a;=a;=2a;=0
=a;=0
.. the diagonal elements of a skew symmetric matrix are all zero.

INlustration 15: If A is a square matrix, then show that
(i) A + A’ is symmetric
(ii) A — A’ is skew symmetric
(iii) AA" and A* A are both symmetric matrix.
Soln.: Given that A is any square matrix.
We have to show that A + A’ is symmetric, A — A’ is skew symmetric and AA’, A’A are both symmetric
matrix.
Any matrix is symmetric if A* = A and skew symmetric if A = -A".
(i) let us consider A + A"
A+AY =A"+ (A =A"+A (By properties of transpose of a matrix)
= A+AY=A"+A
Thus by definition of symmetric matrix A’ + A is symmetric.
(i) A-AY =A"—(A)Y =A"-A=—(A-A) (By properties of transpose of matrix)
(A-AYY =—(A-4)
. A —A'is skew symmetric matrix (By definition of skew symmetric matrix)
(iii) (AA") = (A A (using (AB)' = B'A")
=AA!
AA'is symmetric matrix.
Similarly, (A‘A)f =A". (A")'=A"' A
A'A is also symmetric matrix.

Illustration 16 : Show that the matrix B AB is symmetric or skew symmetric iff A is symmetric or skew
symmetric.

Soln.: Given the matrix B AB.
We have to show that B° AB is symmetric if A is symmetric and is skew symmetric if A is skew symmetric.
For a given square matrix A, it is symmetric if A’ = A and skew symmetric if A’ = -A.
Let us consider
(B'AB) = [B' (AB)) =(AB) (B'Y (" (AB)Y=B'A"
=B'A'B=B'A'B
(BPABY =B'A'B (D)
(i) Now if A is symmetric, then A’ = A
= From (1) we get
(B'AB)' =B'AB
.. B' AB by definition is symmetric.
(i) If A is skew symmetric, then A’ = A
= From (1) we get (B‘'AB)' =B’ (-A)B=-B'AB
. B AB is skew symmetric.
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INlustration 17 : If A and B are symmetric matrices of the same size, then

(a) AB + BA is symmetric (b) AB — BA is skew-symmetric.
Soln.:
We have two symmetric matrices A and B of same size (order).
We have to show that
(i) AB + BA is symmetric and (ii) AB — BA is skew-symmetric.

Any matrix A is symmetric if A’ = A and is skew symmetricif A’ = -A
Let us take both of them individually. (i) (AB + BAY =(AB)' + (BAY=B'A'+A'B'
Now A, B are given to be symmetric
~ A'=A,B'=B .. (AB+BA)=BA +AB=AB+BA
(AB+BAY =AB + BA .. By definition AB + BA is symmetric.
(ii) (AB—BA)Y =(ABY —(BA)Y =B'A'-A'B' (using(AB)'=B'A))

=BA-AB [ B'=B,A'=A (given)]
=—[AB-BA]
(AB-BA) =—(AB-BA) .. AB — BA is skew symmetric (By definition)

INlustration 18 : Prove that inverse of a symmetric matrix if exist, is also symmetric.
Soln.: We have a matrix A such that |A| # 0 i.e. A™" exist, also A is symmetric.

We have to show that A~ is also symmetric.

A matrix A is symmetric if A'=A and also A" A=AA" =T

As ATA=AAT=] =SATAY=@AAY) =T

= A A =@ A= > A=A = @A@H=A"

. A7 is symmetric by definition.

Illustration 19 : Prove that if A and B are non-singular symmetric matrices such that AB = BA, then
(i) A™B, (ii) A™'B™ are also symmetric.
Soln.: We have given two non-singular symmetric matrices A and B such that AB = BA.
We have to show that A™B and A™'B™! are also symmetric.
For any symmetric matrix A, if exist, A™ is also symmetric, also (AB)' =B A
Now AB=BA (given)
= (AB)'=BA'=B'A'=A"B" (1)
Now againA™'B?' =B'A'=A'BHB=B'AHB
= A (B'B)=B'(A™'B)
= A'I=B'A'B)=A"'=B'(A'B)
= BA"'=B[B'(A'B)|=(BB)(A"B)=I(A"B)

= BA'=A"B .(2)
i) A'BY=BA)' =B.A™" (" B, A™! are symmetric)
=A'B (from (2))

. A7'Bis symmetric.
G)A'BY =B AY=B'A'=A"B" (using1) (asA™", B are symmetric)
.. A'B is symmetric.

INlustration 20 : Show that every skew symmetric matrix of odd order is singular.

Soln.: Let A be a skew symmetric matrix of odd order.
We have to show that A is singular.
A matrix is singular if |A| = 0 and skew symmetric if A’ = -A.
Let A be skew symmetric matrix of order n where n is odd i.e. n = 2m + 1 (m is positive integer)
Since A is skew symmetric = A’ = -A
Thus |A'| = |-A| = |A| = |DA| A =|A])
= |A| =(-1)" |A| (By properties of determinant)
|A| = (D> A =(=D' |A| =—|A]|
= 2|A|=0=|A| =0
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Definition of
determinants

Minors and cofactors

14 | Matrices and Determinants

DETERMINANTS

Definition of determinants

Minors and co-factors

Properties of determinants
Multiplication of two determinants
Differentiation of a determinant function
Solved examples.

Let a4, a;9, as1, ayy are any four numbers.

a; 4dp

The symbol A=D = is called determinant of order 2.

dyp Ay
The value of D is just a single number obtained by the rule
Q11 . Qg — Qg3 . Ag3.

The horizontal lines are the rows of the determinant and vertical lines
are the column of the determinant.

Order: Number of rows x Number of columns.

Thus 2 x 2 means the determinant having two rows and two columns.
The determinant of order (3 x 3) has three rows and three columns.
Value of Determinant: The value of determinant can be obtained by
expanding along any row or column. For the determinant of order 3,
the value by expanding along the first row can be obtained as follows:

a4 i3
A=|ay Gy dy

d3; dzp  dsj
dyy  an3 dyp A dyp A
a3y a3 a1 ds3 az; Az
This is called the expansion of the determinant along its first row. To
obtain this, we multiply each element of first row by the determinant
of second order which we get by leaving the row and column containing
that element.
Note that starting from the first element, the signs are positive and
negative alternately.

So value is a;;. —ap, +ay;

Minors: If we delete the row and column passing through the element
a;; (i.e. ith row, jth column) the determinant thus obtained is called
the minor of a;; and denoted by M;;. Consider an example of determinant
of order 3.

ayp dyp a3
A=|ay ayp ay|. ThusMy =

d3;  dzp  dsj
Since there exist a minor corresponding to each element of the

determinant, thus in total the number of minors are 9 for a
determinant of order 3.

Cofactors: The minor M,; multiplied by (-1)' */ gives the cofactor of a;;
denoted by A,

ayy A3
dsy  dss

a,, a
Thus from above example Az = (-1)1*3M ;= (-1)*| 2" 22
a3 4y

_ |91 4

a3 axp

Note that for M5, 15 row and 3" column are deleted.
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Properties of 1. The value of determinant does not change when rows and columns
determinants are interchanged. The determinant obtained by interchanging rows
and columns is called transpose of the determinant (A" or AT)

a4 43 ayp dyp 4z ,
’
Thus, A = | @y Gy a3 |=|ap dyp azp|=Aor (A7)
dz; 4z ds3 diz dyz dsj

2. If all the elements of row (or column) are zero, then determinant is
also zero.

3. Interchanging of any two rows (or columns) changes the sign of
determinants, though the numerical value remains unchanged.

a4 43

ie.for A= |91 49 axp

and we inter-change first and third row (denoted R; <> R3), then

d3; Qs dsj
Ay =Gy dyp dy| =—A
Ay G i3
4. Ifarow (or column) is multiplied by a number %, then determinant is
also multiplied by %. i.e.

a4 43 kay, kay, kap
IfA=|a;; ay a;| and A' = | ay dyy ays

dz; 4z dsj asy asn ass
= A" = kA

5. If any two rows (columns) are identical or proportional to each other,
then the value of determinant is zero.

6. If every element of any row (column) is sum of two numbers, the
determinant can be expressed as the sum of two determinants of same

order.
a +a; a,+0o, ay+0, a, a, a, o; o, 04
ie. b, b, b, =\b b by|+|b b b
q (%) C3 G & G G &6 G

7. The value of determinant remains unaltered under an operation of

the form
R, >R, +pR;+qRy;i#j#k

Similar operations can be performed on columns too. Note that more
than one operation can be used simultaneously but one row or column
must remain unchanged.

8. If a determinant A(x) becomes zero on putting x = a, then (x —a) is a
factor of A(x).

9. Determinant which have all its entries zero except the diagonal
elements, is equal to the product of its diagonal elements.

® 2

1 O]
Illustration 21 : Evaluate: A= | ® o’ 1 |, where o is the cube root of unity.
1 o

(02

1 o o
Soln.: Given the determinant | ® > 1

o> 1 o

, where o is cube root of unity.
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We have to determine the value of determinant.

We will try to make the maximum number of zero possible in any of the row or column to minimize the
expansion. Also o being cube root of unity must satisfy w®* =1and w>+w+1=0

Operating R; - R; + R, + R; we get

l+o+0’ l+o+0° l+o+n’ 0 0 0
(O] o’ 1 =lo o 1
2 2
(O] 1 (O] (O] 1 o

Thus by properties of determinant, value of the determinant is zero.

pa qb re a b c
Illustration 22 : If p + ¢ + r = 0, show that | ¢ pb|=pgric a b
rb pc  qa b ¢ a
Soln.: Given thatp + g +r =0
pa qgb rc a b c
We have to show that | g¢ ra  pb|= pgric a b
rb  pc qa b ¢ a

We will expand one of the determinant and using the given condition p + ¢ + r = 0, try to obtain the
another determinant.
Let us take determinant on L.H.S. Expanding by Ist row we get;

ra pb qgc pb
pc  qa rb gqa
=a® prq — p3 abc — q® abe + b3 rpq + rc® pq — rd abe = pgr (a® + b3 + ¢3) —abe (p3 + ¢ +1r?)
sincep+q+r=0 = p?+q¢®+r-3pqr=0 = p3+q¢®+r=3pgr
. we have pgr (a® + b3 + ¢3 — 3abc) .(A)
Similarly expanding determinant on R.H.S. i.e.

3 gc ra
pa qb +rc b pe

= pa (gra® — p%bc) — qb (g%ac — b?rp) + re (c? qp —r? ba)

a b ¢
pqrlc a b| wegetpgr(a®+b3+c3—3abe) ...(B)
b ¢ a

Thus from (A) and (B) L.H.S.=R.H.S.

1 bc ad+c)
IMNlustration 23 : Evaluate: A= |1 ca b(c+a)
1 ab c(a+b)

1 bc alb+o
Soln.: Given the determinant A=|1 ca b(c+a)
1 ab cla+b)

We have to evaluate the value of the above given determinant.

By using the various rows and columns operation and the properties of determinants we will try to make
as many entries possible to be equal to zero so as to minimize the expansion process.

Applying Cy, —> C, + C; we get

1 bc+ab+ac ab+o) 1 1 ab+o
1 ca+bc+ab blc+a)| =(ab+ac+be)|l 1  blc+a)
1 ab+ac+ch cla+b) 1 1 ca+bd)

Since C; = Cy = Value of determinant must be zero.

a’ (s—a)2 (s—a)2
Illustration 24 : If ¢ + b + ¢ = 2s and A = | (s—b)? b? (s—b)* , find det A.
(s—c)2 (s—c)2 &
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111
Soln.: If s = 0, det A = a?%?(1 1 1| =0
111

s% is a factor of A = det A since 3 rows are identical.

a’ 0 0 a¢ 0 0
s=a = A= (a—b)2 b* (a—b)2 =|c* B *lsinceb+c=a=0
(a-c)® (a-c)® 2 b b

- s —ais a factor of A. Likewise s — b and s — ¢ are also factors. But A is a sixth degree polynomial.
The sixth factor is of the form k(a + & + ¢)

a’ (s—a)2 (s—a)2
(s—b)? b? (s=b)?| =k(@+b+c)s®(s—a)(s—0b) (s —c).
(s—c)2 (s—c)2 &

To determine %k, we set a = b = 0, ¢c = 2 = s = 1. This identity becomes

1
1| = - 2k = —-2=-2k=2k=1
4

s2(s—a) (s —0b)(s—oc).

1 a a*-bc
lustration 25 : Without expanding show that |1 & b° —ca|=0
1 ¢ ¢*-ab

1 a d*-bc
Soln.: Given determinant |1 b b* —ca
1 ¢ J—ab
Our Aim is to show that the value of above given determinant is zero.
Since we have to find the value of given determinant without expanding it, thus the procedure of solving
this problem will involve using various properties of determinants. These properties have to be used in
such a manner so that they make maximum zero in the determinant.

I a o a -bc

1
LHS.=|1 b b*|+]|1 —ac
1 ¢ 2 1 —ab
D, D,
Consider D, first and apply R3 » R; — R, and Ry —» Ry — R;.
1 a a? 1 a a?
D, =|0 a-b a* - b =(a-b)b-c)|0 1 a+b| (Now apply R, —> Ry;—R5)
0 b-c b -7 0 1 b+c
1 a a?
=(a-b)(b-¢)|0 0 a-c|=(a-b)(b-c)(c—a)
0 1 b+c

Similarly Dy =—(a —56) (b —c) (c—a). Thus D, + D,=0.

Illustration 26 : If a = b cos C + ccos B,b =ccos A +a cos C,c =a cos B+ b cos A, find
@) b% + c? - a?
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(i) cos® A + cos® B + cos? C + 2 cos A cos B cos C
(i) a® : b% : ¢?

Soln.: () a =b cos C + ¢ cos B .. (D)
b=ccosA +acosC ... (2)
c=acos B+bcosA ... 3)

b@2)+c3)—-a (1) = b2+ c%2—-a®=2bc cos A.

-1 cosC cosB
(@) The system of equation (1) to (3) = |cosC -1 cosd| =0

cosB cosd -1

= cos? A + cos?B + cos2C + 2 cos A cos BeosC =1 ...(4)
(@7i) (1) and (2)
= —a+bcosC+ccosB=0

acosC—-b+ccosA=0

a b c

cosdcosC+cosB  cosBcosC+cosd sin’> C

soa?:b%:c? = (cos A cos C + cos B)? : (cos B cos C + cos A)?:sin*C
= (1 - cos?A) (1 — cos?C) : (1 — cos®B) (1 — cos?0) : sinC using (4)

a’®:b%: ¢ =¢sin’A : sin® B : sin® C.

Illustration 27 : If @, b, ¢ are in G.P. or x — a is a factor of ax? + 2bx + ¢ = 0, then show that

a b ao.+ b
b c bo+c| =0
ao.+b bo+c 0

Soln.: Given that a, b, ¢ are in G.P. and x — o is a factor of ax? + 2bx +c =0

a b aa +b
We have to show that b c ba+c| =0
ao+b ba+c 0
Since a, b, ¢ are in G.P. = ac=>b?

alsox —oisafactorofax? +2bx +c=0 = ac?+2boa+c=0

a b ao+ b
Let A = b c ba + ¢
aon+b ba+c 0

Now by applylng R3 d R3 - ((XRI + RQ)
a b ao +b
b ¢ ba +c¢
0 —(aa’ +2bo +c)

Expanding along third row we get —(aa? + 2ba + ¢) (ac — b?)

Determinant will become

Now since ac = b? [ a,b,carein G.P.]
or ao?+2bo+c=0 [." x — a is factor of ax? + 2bx + ¢ = 0]
L A=0.

1 1 1

a+x b+x c+x

1 1 1
Illustration 28 : If =
a+y b+y c+y

1 1 1
a+z b+z c+z

Q|

where @ is the product of the denominators, find P.
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x2+x(b+c)+bc x2+x(c+a)+ca x2+x(a+b)+ab
Soln.: P = |V +y(b+o)+be y +y(cra)tca y*+y(a+b)+ab R, >R,- R, R, > R, - R,
zz+z(b+c)+bc zz+z(c+a)+ca zz+(a+b)z+ab

x2+x(b+c)+bc x2+x(c+a)+ca x2+x(a+b)+ab
=(y - x)z - x) xX+y+b+c X+y+c+a x+y+a+b CQ—>CQ—CI, 03%03—01
x+z+b+c X+z+c+a X+z+a+b
x2+x(b+c)+bc x+c x+b
=@y -x)(z-x (a-5)(a-c) x+y+b+c 1 1 Cy, - Cy—C,
x+z+b+c 1 1

x2+x(b+c)+bc x+c x+b
=@y —x)z —x)a — b)a —c) x+y+b+c 1 1
z—y 0 0
=@y -x)@-x(a-5b)@-c) -y (c-D>)
=@x-y)y-2(-x)(a->b)®B-c)(-a.

y +z z y
Illustration 29 : Prove that: z z+x X | =4xyz
y X  x+y
y + z z y
Soln.: Given: A;=| z zZ+Xx x
y X xX+y

We have to show that the value of above given determinant is 4xyz.

Procedure involving the solution of the given determinant using elementary row and column operations.
By applying: C; —» C; — (C, + C3) we get,

0 z y
-2x  z+x x
-2x x X+y

Now by applying R, - R, — R;

0 z y
0 z -y

. Now expanding along C;, we get; A;=—-2x(—yz —yz) = 4xyz.
-2x X x4y

1+a 1 1 1
1 1+5 1 1 B 1 1 1 1
Illustration 30 : Prove that: | 1 I l+e 1 |Tabed {1 AR ;}
1 1 1 1+d

Hence find the value of determinant if a, b, ¢, d are the roots of the equation px* + gx® + ra®2 +sx +t =0

+1 1 1 1
1 1+b 1 1
1 1 l+c 1
1 1 1 1+

a

Soln.: Given the determinant A =
d

We have to evaluate the value of determinant which must be abcd {1 + 1 + % + 1 + é}
a c
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Moreover we have to find the value of determinant if it is given that a, b, ¢, d are the roots of the
equation px* + g3 + ra2 +sx +t =0

Procedure involves solving the determinant using elementary row and column operations. Also we
already know that for a, b, ¢, d be the roots of px* + qx® + rx® + sx + £t = 0.

Za: _i’ Zab = L, Zabc= —i and abcd— i
p p p p

Taking a common from R, b from R,, ¢ from R; and d from R, we get,

1 1 1 1
1l+— - — —
a a a a
1 1 1 1
_ 1+ — _ _
b b b b
A=abcd | 1 1 1 1
_ _ 1 +— _
C C C C
1 1 1 1
—_ —_ —_ 1 +—
d d d d
Now applying R, >R, + Ry + R; + R, andtaking1+l+%+l+l common from R; we get
a C
1 1 1 1
1 1 1 1
_ 1+— _ _
b b b b
abcd{l+£+l+l+L} 1 1 1+l 1
a b ¢ d]|c c c c
1 1 1 1
_ _ _ 1+_
d d d d
NOWby applylng CQ—>CQ—CI, C3—>C3—Cl, C4—>C4—Cl
I 0 0 O
% 1 0 O
1 1 1 1
A=abed| 1 +—+—+—+—|| 1
‘”[ a b e dj— 0 1 0
C
1 0 0 1
d
1 1 1 1
= A=abcd[1+—+—+—+—) ..(A)
a b ¢ d

= A=abcd + bed + acd + abd + abe = abed + Yabe
(Since a, b, ¢, d are roots of px* + qx® + rx®2 + sx +t = 0)

tr s t-s

> A= —-—=—
p b p
Multiplication of two ¢ The multiplication of two determinants is only possible when both the
determinants determinants have same order. Consider two determinants of order 2
i.e.
aq 4 o Oy
4= b b, BB
a || 0 Oy
* Thus,AB= b by||B B,
e Now to get the (i, /)" element of the product we multiply the i*" row of
A by j* row of B.
. a0y +aP; a0, + af,
.e. AB=
e bay +bpy b, +bp,
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Differentiation of a
determinant function fix) fx)
o IfgivenFlx)= "\
given F= | o (0,00
Differentiating w.r.t. x we get
- ASAGIR Hh(x) - frx)
@ a0 Lw| 8@ &
e Similarly for determinant of order 3, we get the sum of three
determinants.
x b b b
Ilustration 31 : If A; = |a x b|and A, = B x" then show that A = 3A,, where A] is the first derivate
a a Xx
of A; with respect to x.
x b b c b
Soln.: Two determinants A; = @ x b| and A, = 4 x|2Te given

a a Xx
We know that A" = A(R], R, R,)+A(R,, Ry, Ry)+A(R,, Ry, R})

1 0 0 x b b x b b b b b
A =la x bl+[o 1 ol+la x b = |7 T[T T+]T 7| =34,
a x a x a x
a a x a a x 0 0 1

cos(x + xz) sin(x + xz) —cos(x + xz)

Tlustration 32 : If Ax) = | in(x = x*) cos(x—x*)  sin(x =x°) | find the value of ' (0).
sin 2x 0 sin(2x?)

Soln.: Given the determinant fx).
We have to evaluate f” (0) for given flx).

First we can differentiate the determinant w.r.t. x and then substitute x = 0, or we can first evaluate the
determinant and then find /' (x) at x = 0.

cos(x + xz) sin(x + xz) —cos(x + xz)
flx) = | sin(x — xz) cos(x — xz) sin(x — xz)
sin 2x 0 sin(2x?)

') = AR, Ry, R3) + ARy, Ry, R3) + ARy, Ry, R3')
Now we will evaluate these three determinants one by one at x = 0.

—(1+20)sin(x + x?) 1+ 2x)cos(x + x2) (1 + 2x)sin(x + x?)
ARy, Ry, Ry) = sin(x — x%) cos(x — x7) sin(x — x%)

sin 2x 0 sin 2x°

0
A(Rl', RQ, R3) at X = 0 iS 0
0
X

Similarly A(R;, Ry, R3) =0 at

cos(x + xz) sin(x + xz) —cos(x + xz) 1 0
Now ARy, Ry, Rs') = | sin(x —x?) cos(x —x%) sin(x—x?) | atx =0, ARy, Ry, Rs) = |0 1
2 cos 2x 0 4x cos 2x° 2.0

) =2.
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2
S€Cx cosSx Ssec” x + cot x cosec x o

Ilustration 33 : If fx) = | cos’x cos” x cosec” x , prove that j f(x)dx =
0

1 cos’ x cos’ x

157 + 32
60
Soln.: Given the determinant f{x)

2 157 +32
We have to prove that J f(x)dx = 0 for given flx).
0

Procedure involves first evaluating the determinant, followed by the integration.
By applying R; — R, — R3 sec x and R, — R, — R4 cos’x, we get

2 cos x
0 0 sec” X + ——— —Cos X
sin” x
2 4 2 4
flx) =|0 cos”x—cos” x COSecC” x —CoS X
2 2
1 cos” x cos” x

1 cos
Now expanding along C; we get; flx) = —cos?x sin%c {—COSQ , + sinZy cos x

= —[sin%x + cos®x — cos®x sin?x] = —[sin% + cos®x — cos®x + cos’x] = —sin?x — cos®x
/2 /2 /2
I fx)dx = —J sin? x dx — I cos” x dx (Gamma integral)
0 0 0
_r_8
4 15
y yl y2 dny
INlustration34: Ify =sinpxandfix)=|y, y, ys| wherey,= R then find £ (x).
Yo V1 Vs *
Yy o N Y
Soln.: Given y =sinpx and Ax)=|Ys Vs JVs| where y,= i’
Yo Y1 )8 dx

We have to find /" (x).
First we will find flx) by substituting various y,’s and then find f{x).

sin px P cos px _p2 sin px sin px  pcos px —p-~sin px

y=sinpx =flx)= —pPcos px  ptsinpx  p’cos px
—p6 sin px —p’ cos px p8 sin px

_ p9 —cos px  psin px p2 cos px
—sin px —pcos px p2 sin px

Now by applying R; > R, + R;
Weget flx)=0 = f'(x)=0

Quick revision 1. If all the elements of the determinant are real numbers, it is called
real determinant and if at least one element is imaginary (a +i b, b #
0) it is called imaginary determinant.

2. We can find the value of determinant by expanding along any row or

column.

Minors are an order less than the order of the determinant.

4. The determinant remains unaltered by interchanging rows and

columns.

Value of determinant having all its entries zero, is zero.

6. If all elements of a row (column) are equal or proportional to other
row (column), then determinant is zero.

7. The interchanging of any two rows (columns) results in the change of
the sign of the determinant.

w

o
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8. All the properties of determinants are equally applicable to both rows
and columns but independently.

9. All the rows (columns) sshould not be disturbed at a time.

10. It is always desirable to try to bring in as many zeros in the rows
(columns) to make the expansion along that row (column) easy.

Theory of linear ¢ Definition homogeneous and non-homogeneous system
equations e Cramer’srule

¢ (Condition for consistent (unique) solution, inconsistency (no
solution) and infinitely many solutions.

System of linear Let us consider three equations
equations ax+by+cz =d
ax +by+cz =d;
asx + byy + coz =d,
is called a system of linear equations in three unknowns x, y, z.
¢ The system is homogeneous if d; = d; =d = 0 whereas, if there exist at
least one d # 0, then the above system is known as non-homogeneous.

Cramer’s rule ¢ Consider the system of linear equations
ax +by+cz =d;
asx + byy + coz =d,
asx + bgy + cgz =dj

a b ¢
A=|a b o
a3 by ¢
A, is obtained by supressing the column of coefficient of x by
dla d2a d3
dy b ¢
ie. A,=|d b o
dy by o
a d ¢ ap b d
Similarly, A= (a, d, o |; A,=|a, b, d,
a3 dy ¢ as by ds
A A, A
Then for x=—%, y=-—%, z=-2
A A A

This is known as Cramer’s rule.

Jx)  g(x)  hx)
Illustration 35 : If fix), g(x) and A(x) are three polynomials of degree 2, andlet Ax) = | f'(x) g'(x) H'(x)|.
f7x) g"(x) h(x)

Prove that A(x) is a polynomial of degree at most 2.

J(x)  glx)  h(x)
Soln.: Given three polynomials fix), g(x), A(x) of degree 2 and A(x) = | f'(x) g'(x) h'(x)

S g"x) A

We have to show that with the above conditions A(x) is a polynomial of degree at most 2.
We will first take flx), g(x), h(x) to be some arbitrary polynomials of degree 2 and find A(x).
Let fix)=ax? +bx +c¢, glx) =Ax?>+Bx +C, h(x)=mx®>+nx +gq
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ax* +bx+c Ax*+Bx+C mx2+nx+q
LAX) = 2ax+b 24x+ B 2mx+n |. Applying Ry, > R, — xR
2a 24 2m

S(x) g(x) h(x)
Ax)=2 b B n
a A m

= Alx) =2 [(Bm —nA) fx) —glx) (bm —an) + h(x) (bA —aB)] .. degree A(x) <2

Conditions for ¢ Consider the homogeneous linear equations in three unknowns x, y, z
consistent, inconsistent ax +by +cz =0
and infinite solutions agx + byy + ¢z =0
for homogeneous agx + bgy + ¢z =0
equations
a b ¢
Now (i)if A= 0ie. |a, b, ¢ | =0,
a3 by ¢

then there is only one solution i.e. x =y = z = 0, which is also known
as trivial solution.

(i) If A =0, the system has infinite solutions and so a non-zero solution
exist. To find the solution we can use the elimination method i.e.
assign some arbitrary value to one of the variable and find the value
of other two in terms of that to obtain the infinitely many solutions
depending on the value of that arbitrary constant.

Non homogeneous From Cramers rule
linear equations A A, A
x:_x;y:_};zz_z ...(A)
A A A

@) If A= 0unique solution given by (A) exist.

(i) IfA=0andA,A, A, are all zero, then the system of equations has
infinitely many solutions that can be obtained by elimination method.

(iii)) IfA=0andA,,A,, A, are not all zero, then system must be inconsistent
i.e. have no solution.

Illustration 36 : If a, b, ¢ are all different, solve the system of equations: x +y +z=1,ax + by +cz =k,
a’x + b%y + c% = k2
Soln.: Given the system of equationsx +y +z=1

ax+by+cz=k,wherea#b=c

a’x + b%y + c%z =k?

We have to solve the above system of equations.

for A#0

A, A A
A’ A’ A
1 1 1 1 0 0 1 0 0

A=|a b c|=|a b-a c—-a|=0b-a)lc-a)|a 1 1 |=b-a)lc—a)lc-0)
at bl a b -a¢ F-d? & b+a c+a

.. Sincea#b#c = A=0 .. By Cramer’s rule

Ac=|k b c|=(k=-b)(b-c)lc-Fk)
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A=|a k c|=@-k(k-c)c—a) andA,=(a-b)(b-Fk)(k—-a)

at kr
x:(k—b)(c—k); :(a—k)(k—c) and Z:(b—k)(k—a)
(a—=b)c—a) (a=b)b-c b-0oc-a)

Illustration 37 : Find the value of % if the following equations are consistent: x +y — 3z =0,
Q1+R)x+Q2+ky—-82=0, x—(k+1)y+@2+k)z=0

Soln.: Given the system of three linear equations in three variables x, y, z
We have to determine the value of 2 such that the system is consistent.
The system of three linear equations in three variables is consistent only if A = 0.

1 1 -3
A =|1+k 2+k -8 [=0
1 —(+k 2+k
1 0 0
1+k 1 3k-=5|=0

By applylng CQ d CQ - Cl and C3 d C3 +2 Cl we get
1 -2-k k+5

Now expanding along I*t row we get; (k + 5)— (-2 -£%) (38 -5) =0
= 3k2+2k-5=0 = (k-1)Bk+5)=0 = k=1,-5/3

x’b= y

Illustration 38 : Given a = , C= where x, y, z are all non-zero and distinct.
y-z z-x xX=y
Prove that 1 + ab + bc + ac = 0.
. . X Y z
Soln.:Given the system of equation 4 = ; b= ; €=
y—z z—x xX—y
wherex#0;y#20;z20andx =y =2z .. the system has non-zero solution.

We have to prove with the above given conditions that 1 + ab + bc + ca = 0.
For the homogeneous system of equations, the non zero solution will exist only if A =0

a= = x—ay+az=0 ..(d)
y —Z
b=—2 = bx+y—-bz=0 ...(i1)
zZ—X
V4
c= =>cx—cy—-2z=0 ...(iil)
xX—=y
The equations (i), (ii) and (iii) are consistent in x, ¥, z only if A= 0
1 —a a
ie.|b 1 -b|=0 = 1+ab+bc+ca=0.
c —c -1
11 -4 -7
Illustration 39 : Let A = | 7 -2 -5|. Find the non-zero column vectors X such that AX = AX for
10 -4 -6
some scalar A.
11-» -4 -7
Soln.: 7 2-2 5| =0=A2A-1)A-2)=0
10 -4 —6—-\

If L =0, weget 1lx —4y — 72 =0

1
Tx — 2y — 5z = 0, 10x—4y—6z=0giving,%= i}— = f—,X: 1
1

IfL=1, we get 10x — 4y — 72 = 0
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. x y z
Tx — 3y — 5z =0, 10x—4y—7z=0g1v1ng,T=_—1=E,X= -1

IfL=2 weget9x -4y —-Tz=0
Tx — 4y — 5z =10

10x — 4y — 8z = 0 giving, % =

—_

The vectors are X = |1],|-1],
1 2112

Illustration 40 : For what value of p and q, the system of equations 2x + py + 62 =6, x + 2y + qz = 5,
x+y + 3z =4has (i) no solution (ii) a unique solution (iii) Infinitely many solutions
Soln.: Given the system of equations
2x + py + 62=6
x+2y+qz =5
x+y+3z =4
We have to determine the value of p and ¢ such that
(i) there exist no solution
(ii) A unique solution
(iii) Infinitely many solutions
The non homogeneous system of linear equation has a
(i) unique solution if A = 0
(ii) No solution if A = 0 and any of A,, A, A, # 0
(iii) Infinitely many solutions if A=0and A, = A, =A,=0
The given system of equation is
2x +py +62=8
x+2y+qz =5
x+y+3z =4

2 p 6
A=11 2 q|=2-pB-9
1 1 3
8 p 6
A,=15 2 q|=30-8g—-15p+4pq
4 1 3
2 8 6
Ay: 1 q =0
1 4 3
2 p 8
A,=|1 2 5|=p-2
1 1 4

Now (i) for unique solution A0 =p=#2;q9#3
(ii) for no solution A=0; A, #00rA,#0 =qg=3,p =2
(iii) for infinitely solutions A =0, A, =A,=A,=0 = p=2; qeR

26 | Matrices and Determinants JEE Advanced | MATHEMATICS ETll



mdow

e Upper Triangular Matrix
A square matrix A = [a;] is called an upper triangular matrix, ifa = 0 for all i > .

e Lower Triangular Matrix
A square matrix A = [a;] is called a lower triangular matrix, if a;; = 0 for alli <.

e Trace of a Matrix
The sum of the diagonal elements of a square matrix A is called the trace of A and is denoted by ¢r(A).

e Submatrix
A matrix which is obtained from a given matrix by deleting any number or rows or columns or both is
called a submatrix of the given matrix.

o Equality of Matrices
Two matrices A and B are said to be equal, if they are of same order and all the corresponding elements
are equal. It is written as A = B.

o Transpose of a Matrix
Let A be a m x n matrix. Then, the n x m matrix obtained by interchanging the rows and columns of A
is called the transpose of A and is denoted by A’ or A’ or A°. Thus
(i) Iforder of A is m x n, then order of A’ will be n x m.
(i) (i, )™ element of A = (j, i)™ element of A”.
¢ Properties of the Transpose of a Matrix
»H AY=A
(i) (A+BY=A"+B
(i) (ABY =B'A’
(iv) (RAY =RA
V) A" =@A"
(vi) Trace A’ =Trace A
(vii) Trace AA’ >0

¢ Symmetric matrix
A square matrix A is said to be symmetric if, A" = A. That is, the matrix A = [a;], « , is said to be
symmetric provided a;; = a; for all i and .
¢ Skew-Symmetric Matrix
A square matrix A is said to be skew-symmetric, if A” = -A. That is, the matrix A = [a;],, ., is skew-
symmetric if a;; = —a;; for all i and ;.
o Properties of Symmetric and Skew-Symmetric Matrices
(i) IfA isa square matrix, then
(a) A +A’is a symmetric matrix, and
(b) A —A’is a skew-symmetric matrix
(i) IfA and B are two symmetric (or skew-symmetric) matrices of the same order, then so is A + B.
(iii) If A is symmetric (or skew-symmetric) matrix and k is scalar, then kA is also symmetric (or skew-
symmetric)
@iv) IfA and B are symmetric matrices of the same order, then the product AB is symmetric, if and only
ifAB =BA.
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(v) Every square matrix can be expressed uniquely as the sum of a symmetric and a skew-symmetric
matrix.
(vi) The matrix B’AB is symmetric or skew-symmetric according as A is symmetric or skew-symmetric.
(vii) All positive integral powers of a symmetric matrix are symmetric.
(viii) All positive odd integral powers of a skew-symmetric matrix are skew-symmetric and positive even
integral powers of a skew-symmetric matrix are symmetric.
(xi) IfA and B are symmetric matrices of the same order, then
(a) AB — BA is a skew-symmetric matrix and
(b) AB + BA is a symmetric matrix.
Orthogonal Matrix
A square matrix of order n x n is said to be orthogonal, if AA’ =1, = A’A.
Properties of Orthogonal Matrices
(i) If Aisan orthogonal matrix, then A’ is also orthogonal.
(i) For any two orthogonal matrices A and B, AB is an orthogonal matrix.
(iii) For any two orthogonal matrices A and B, BA is an orthogonal matrix.
(vi) if A is an orthogonal matrix, then A~ is also orthogonal.
Singular Matrix
A square matrix A is said to be a singular matrix, if determinant of A denoted by det A or |A | is zero, i.e.,
|A| =0, otherwise, it is a non-singular matrix.
Idempotent Matrix
A square matrix A is said to be idempotent if, A= A.
Properties of Idempotent Matrices
(i) IfA and B are idempotent matrices, then AB is an idempotent, iff AB = BA.
(i) If A and B are idempotent matrices, then A + B is an idempotent, iff AB = BA = O.
(iii) If A is an idempotent and A + B = I, then B is an idempotent and AB + BA = O.
(vi) Diagonal (1, 1, 1, ...., 1) is an idempotent matrix.
(v) IfAB=A and BA = B, then A=A, B*=B.
B Ly Ll
(vi) If 1, 1y, I5 are direction cosines, then |[,l, 12 [, | is an idempotent as |A|®=1.
Ll Ll 13

Involutory Matrix

A square matrix A is said to be involutory matrix, if A% = I.

Nilpotent Matrix

A square matrix A is said to be nilpotent matrix, if there exists a positive integer m such that A™ = O. If
m is the least positive integer such that A™ = O, then m is called the index of the nilpotent matrix A.
Conjugate of a Matrix

The matrix obtained from any given matrix A containing complex numbers as its elements, on replacing
its elements by the corresponding conjugate complex numbers is called the conjugate of A and is denoted
by A.

Properties of Conjugate

(i) If A be any matrix, then (4) = A.

(ii) If A and B be matrices of same order, then (A +B)= A+ B.

(i1i) If A be any m x n matrix and B be any n x p matrix, then (AB)= A-B.
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@iv) If A be any matrix and % be any scalar, then (RA) = EA.

(v) If A be any square matrix, then (A") = (A)".

e Transpose Conjugate of a Matrix
The transpose of the conjugate of a matrix A is called transpose conjugate of A and is denoted by A® or A”.

¢ Properties of the Transpose Conjugate
i A=A
(i) (A+B)°’=A"+B°
(iii) (RA)° = RA®, k being any number
(iv) (AB)’ = B°A°.
V) (A™"°=(A%"
¢ Hermitian Matrix

A square matrix A = [a;] is said to be hermitian matrix, ifa;= @, v i,J ie., A =A°

e Properties of Hermitian Matrices
(i) IfAishermitian matrix, then 2A is also hermitian for any real number k.
(i) If A and B be hermitian matrices of the same order, then A,A + A;B is also hermitian for the real
numbers (A, Ag)
(iii) If A be any square matrix, then AA” and A°A are also hermitian.
(iv) IfA and B the hermitian matrices, then AB is also hermitian, iff AB = BA.
(v) IfA isahermitian matrix, then A is also hermitian.
(vi) IfA and B are hermitian matrices of the same order, then AB + BA is also hermitian matrix.
(vii) If A is square matrix, then A + A" is a hermitian matrix.
(viii) Any square matrix can be uniquely expressed as A + iB, where A and B are hermatian matrices.

o Skew-Hermitian Matrix
A square matrix A = [a;] is said to be a skew-hermitian matrix, a;; = -a;, Vi,j ie., A=A,

e Properties of a skew-hermitian matrix

(i) IfAisaskew-hermitian matrix, then kA is also skew-hermitian for any real number .

(i) IfA and B be skew-hermitian matrices of the same order, then A,A + A,B is also a skew-hermitian
for the real numbers (A4, Ay).

(iii) If A and B are hermitian matrices of the same order, then AB — BA is a skew-hermitian matrix.

(iv) IfAis any square matrix, then A — A" is a skew-hermitian matrix.

(v) Every square matrix can be uniquely represented as the sum of a hermitian and a skew-hermitian
matrix.

(vi) IfA is a skew-hermitian matrix, then iA is a hermitian matrix.

(vii) IfA is a skew-hermitian matrix, then A is also a skew-hermitian matrix.

¢ Adjoint of a Square Matrix
Let A = [a;] be a square matrix of order n and let C;; be the cofactor of a;; in the determinant A. Then the
adjoint of A, denoted by adj A, is defined as the transpose of the cofactor matrix.
The adjoint of a square matrix A is obtained by replacing each of the (i, /)™ element of A by the cofactor
of the (j, /)™ element in |A|.

e Properties of the Adjoint of a Matrix
(i) IfA isasquare matrix of order n, then A(adj A) = |A|I, =(adj A)A, where I, is a identity matrix of

order n.
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(i) If A is square matrix of order n, then adj (A") = (adj A)".
(iii) If A and B are two square matrices of the same order, then adj(AB) = (adj B)(adj A).
(iv) adj(adj A) = |A|" A, where A is a non-singular matrix.
2
v) |adj(adjA)| = |A|"~"", where A is a non-singular matrix.
¢ Inverse of a Square Matrix
Let A be any n-rowed square matrix. Then a square matrix B, such that AB = BA =1, is called inverse of
A. The inverse of A deonted by A~ and is determined by the formula
a1

A = (adj A)
| Al

It may be noted that AA™" =A™A =1.

e Properties of the Inverse of a Matrix
(i) A square matrix is invertible, if and only if it is non-singular.
(ii) The inverse of the inverse is the original matrix itself i.e., (A™)™" = A.
(iii) The inverse of the transpose of a matrix is the transpose of its inverse i.e., (A)™" = (A7)
(iv) IfA and B are two invertible matrices of the same order, then AB is also invertible and moreover
(AB)"'=B"'A™.
(v) LetA, B and C be square matrices of the same order n. If A is a non-singular matrix, then
(@ AB=AC = B=C (Left cancellation law)
(b) BA=CA = B=C (Right cancellation law)
(vi) IfA is a non-singular matrix such that A is symmetric, then A™ is also symmetric.
(vii) IfA is a non-singular matrix, then |A™"| = |A| 7",
e Rank of a Matrix
A positive integer r is said to be the rank of a non-zero matrix A, if
(i) there exists at least one minor in A of order r which is not zero.
(ii) every minor in A of order greater than r is zero. It is written as p (4) =r.
The rank of a zero matrix is defined to be zero

e Properties of Rank of a Matrix
@) The rank of a null matrix is defined as zero i.e., p(O) = 0.
(i) IfI isa unit matrix of order n, then its rank I =n.i.e., p(I) =n.
(iii) From the definition of the rank of a matrix, we conclude that
(a) If a matrix A does not possess any minor of order r, then p(A) >r
(b) If at least one minor of order r of the matrix is not equal to zero, then p(A) <r.
@iv) Ifevery (r + 1)th order minor A is zero, then any higher order minor will also be zero.
(v) IfAisn x n non-singular matrix, the p(A) = n.
(vi) Elementary operations do not change the rank of a matrix.
(vii) If A’ is a transpose of A, then p(A”) = p(A).
(viii) If A* is the transpose conjugate of A, then p(A*) = p(A).
(ix) p(A+B)<p(A)+p(B).
(x) IfA and B are two matrices such that the product AB is defined, then rank (AB) cannot exceed the
rank of the either matrix.

e Echelon Form of a Matrix
A non-zero matrix A is said to be in Echelon form if, A satisfies the following conditions :
1. All the non-zero rows of A, if any preceed the zero rows.
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2. The number of zeros preceeding the first non-zero element in a row is less than the number of such
zeros in the succeeding row.
3. The first non-zero rows of a matrix given in the Echelon form is its rank.

e Homogeneous Equations
The system of equations AX = B is said to be homogeneous if the constants b,, b,, ...... , b, are all zero.
That is, if the matrix B is a zero matrix and the system is of the form AX = O where O is a null matrix
of order n x 1.
@ If |A| #0, then its only solution X = O, is called the trivial solution.
(i) If |A| =0, then AX = O have a non-trivial solution. It will have infinitely many solutions.

e Solutions of a system of linear equations by Matrix-Rank Method
Let AX = B be a system of n linear equations in n variables.
1. Write the augmented matrix [A B].
2. Reduce the augmented matrix to echelon form using elementary row operations.
3. Determine the rank of the coefficient matrix A and augmented matrix [A B] by counting the number
of non-zero rows in A and [A B].

e Characteristic equation of matrix
|A —AI | =0is called the characteristic equation of A. The values of A are called ‘eigen values’ of A.
(i) The sum of the eigen values of A is equal to its trace.
(i) The product of the eigen values of A is equal to its determinant.
(iii) The eigen values of an orthogonal matrix are of unit modulus.
(iv) The eigen values of a unitary matrix are of unit modulus.
(v) A and A’ have same eigen values.
(vi) The eigen values of a skew-hermitian matrix are either purely imaginary or zero.
(vii) If A is an eigen value of A, then A is the eigen value of A°.
(viii) The eigen values of a triangular matrix are its diagonal elements.
(ix) IfAisthe eigen value of A and |A| # 0, then (1/A) is the eigen value of A~

A
(x) IfAisthe eigen value of A and |A| #0, then % is the eigen value of adj A.
&) IfAg, Ay, oo , A, are eigen values of A, then the eigen values of A? are A%, A2, ...... , A2,

e Integration of determinants

b b
_ j f(x)dx j g(0)dx

M Ay

If Alx) =

fx) g
MNooA

b
, then J.A(x)dx

Here, f (x) and g(x) are functions of x and A, A, are constants.

e Some particular determinants to remeber

1 1
1. |la b cl=(@-b)b-c)c-a)
@ vl
1 1 1
2. |la b c¢|=(@-bb-cc-aa+b+c)
@ b c
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1 1
3. |la b cl=(@-bb-c)c-ald®+b+c)+(ab+bc+ca)l
a bt o¢
1 1 1
4. @@ ¥ A =(a-b)b-0)c—a)ab+bc+ca)
& v A
x+a b c d
+b d
5. Z xb xic d =x*(x+a+b+c+d)
a b c x+d

2 (x+ a)2 (x - a)2
6. |¥° (y+aP (y-aP|=-4d*(x-y)y-2)(z-x)

2 (z+a? (z-a)P

e Maximum and minimum value of determinants when elements are known

0 9 o

If, |A| =|ay a5 ag| whereds e {a,, 0, ...... , o}, then |A| is maximum when, diagonal elements are
o ag G

{min (o, 0., ....., & )} and non-diagonal elements are {max(c,, 0., ....., o, )}

Also, |A],,;, =—|A]

min max*
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\ Miscellaneous Examples |

cosa. —sino O]
1. If F(o) = |sina  cosa 0| then show that, F(x) . F(y) = F(x + y).Hence prove that [F(x)]"! = F(—x)

0 0 1

[cosa. —sina. 0

Soln.: It is given that F(o) = |sina cosa 0
0 0 1

We have to show that, F(x) . F(y)=F(x +y) and

to prove that [F(x)]™! = F(—x)

From definition of product of two matrices, A = [a;l,, « » be a matrix of order m x n and
B = [bj], « , be a matrix of order n x p. Then the product AB is denoted as matrix C = [c;],, «, of order

n
m x p, where, ¢, = 2. a;b;;
Jj=1

cosx —sinx 0 cosy —siny 0 cosxcos y—sinxsiny —cosxsiny—sinxcosy 0
F(x) Fly)=|sinx cosx O|x|siny cosy 0| =|sinxcosy+cosxsiny —sinxsiny+cosxcosy 0
0 0 1 0 0 1 0 0 1

cos(x+y) —sin(x+y) 0
=|sin(x+y) cos(x+y) O|=F(x+y)
0 0 1
ie., F(x). F(y) = F(x + y) proved

cosO0 —-sin0 O 1 0 0
Replacing y by — in (1), we get, F(x) F(—x) = F(x —x) = F(0) = [sin0 cosO 0|=(0 1 0
0 0 1

0 0 1
ie., F(x) F(—x) =1 = [F(x)]"! = F(—x) proved
2 -1 4
2. Find the inverse of the matrix A, given by A=|-3 0 1
-1 1 2
2 -1 4
Soln.: Given matrixA=|-3 0 1
-1 1 2
We have to determine A1
We know that A1 = %
For given A
0 1 31
Co-factorCn=‘1 2‘=—1,C12:—‘ 1 2‘:5
-3 0 -1 4
Co=|4 1|77 C”:_‘l 2‘:6
2 4 2 -1
022= -1 2:8’C23__‘_1 1‘:_1
1 4 2 4
C31_ 0 1 __1: C32 ‘_3 1‘__14
2 -1
Cu=|13 o ‘:_3
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1 6 -1 2 -1 4
AdjA=|5 8 -l4|and|A|=[3 0 1|=2(-1)+1(6+1)+4(-3-0)
3 -1 -3 11 2
=2-5-12=-19
. 1 6 -l
A A 1hs g gy
4 195 3

3. Use matrix method to solve the following system of equations x + y + z = 6, x + 2y + 3z = 14,
x+4y +72=30
Soln.: Given the system of equationsx +y +z=6,x+2y +3z2=14,x + 4y + 72 = 30

We have to solve the above system of equations to determine the value of x, y, z using matrix method.
For the system AX =B, if |A| #0then X=A"'B

The system can be written in matrix equation AX = B (D
111 x 6

whereA=|1 2 3|, X=|y| B=|14
1 4 7 z 30

1 1 1 1 0 0
Now, |A| =1 2 3|=|1 1 2
14 7] |1 3 6
By Cy, —» Cy—-C4
C; > C;-C;
=16-6)=0
. the equations either has no solution or an infinite number of solutions. To decide about this, we
proceed to find (Adj A) B.
Now, Cy1=2,C15=-4,C13=2,C3;=-3,Cp=6,Cy3=-3,C5; =1, Cyp =2, Cy3=1.

C, C, Gy 2 31 2 -3 17[6 0
AdjA=|C, C, C,|=|-4 6 -2|and (AdjA)B=|-4 6 -2{14|=|0|=0
C, Gy Ci 2 -3 1 2 -3 1 |[30] |o

Since |A| =0and (AdjA) B =0, hence the equations are consistent and have infinitely many solutions.
To find these solutions, we proceed as follows:

We have
[4: ]—1 PRI = R,,(-D)~R,(-D|0 1 2 8| = Ry(=3)~|0 1 2 18
0 3 6 24 00 0 : 0
11 1]«x 6 X+y+z 6
-. The equation (1) reducesto |0 1 2|[¥| =[8| or | y+2z | =8
0 0 0]z 0 0 0

LX+y+2z=6,y+22=8

Taking z = %, any real number, y =8 — 2k, x =k — 2

Hence x =k — 2, y = 8 — 2k, z = k where % is any real number, is the general solutions of the given
equations.

Since % is arbitrary, hence the number of solutions are infinite.

4. Show that the necessary and sufficient condition for the existence of the inverse of a square matrix A is
that |A| #0.
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Soln.: A is a square matrix.
We have to show that |A| # 0 is a necessary and sufficient condition for the existence of the inverse of
a square matrix A.
The condition is necessary.
i.e. if A is invertible then to show that |A|#0
Let B be the inverse of the invertible matrix A, then AB = BA =1, where I, is a unit matrix of the same

order as A.
= |AB|=|BA|=1,=|A| |B|=|B| |A| =1#0
|A] #0

i.e. the necessary condition for the existance of the inverse of the matrix A is that |A| #0
The condition is sufficient.
ie.if |A| #0, then to show that A is invertible.

1
Consider the matrix B such that B = |7| (Adj. A).

1 1 1
ThenAB= A|—Adj4d|=—{4Adjd}=—(|A|I)=1,
[ )= s = 4
1 : 1 1
Also BA = —Ad]Aj.A = — {Adj A).A = —| A I,=1,
[|A| i Ay =
Thus AB=BA =1,
. : : . . Adj 4
Hence the matrix A is invertible and inverse of A is given by A =B = W

5. IfA and B are symmetric matrices of the same size, then
(@) AB + BA is symmetric
(b) AB — BA is skew symmetric
Soln.: We have two symmetric matrices A and B of same order.
We have to show that (i) AB + BA is symmetric and (ii) AB — BA is skew-symmetric
Any matrix A is symmetric if A’ = A and skew-symmetric if A’ =-A
(i) (AB+BA)Y=(AB) +(BAY=B'A'+A'B!
Now A and B are given to be symmetric,
A'=AandB'=B ..(AB+BAY=BA+AB=AB+BA
. By definition (AB + BA) is symmetric
(i) AB—BAY=B'A'-A'B'=BA-AB=—(AB-BA)
(AB-BA) =—(AB-BA)
. By definition (AB — BA) is skew-symmetric.

/9 2w, U
™1 - cos2nx

6. Ifu, = I —————dx, evaluate A= | u, us ug|.
o 1-cos2x Wy ug
o ™21 - cos 2nx
Soln.: Itisgiventhatu,= | 7— -~
1-cos2x

0
2w, U
We have to find out the value of A= | u, us u
Uy Ug Ug

™21 - cos2nx + 1 - cos(2n + 4)x — 2{1 — cos(2n + 2)x)]
Up+ Uy 9—2U,,1= J dx
o (1-cos2x)
_ “J{2 2c0s(2n + 2)x — 2cos(2n + 2)x cos 2x d
- (1 - cos2x)

0
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_ “j-2 2{cos(2n + 2)x}(1 — cos 2x)

- o (1-cos2x)
. /2
_ 2[s1n(2n +2)x} ~0
2n+2 0

U, Uy _2un+1 =0

“/21—cos2xdx_ T

Also u; = gl—cos2x )

dx

n/2
= I 2cos(2n + 2)x dx
0

(D)

(2)

Uy Uy

Therefore given determinant take the form, A=|u, u;

Uz ug

us
Ug

Ug

Now applying C; — C; + C5— 2C, on given determinant, we get

u tuy—2u, u, u,
A= lu,tug—2us us ug| =
u; ‘ug—2ug  ug Uy

Uy Uy

us ug|=0 (using(1)and(2))

Ug Ug

7. If a=cosO+:sin0, b =cos 20— sin 20, ¢ = cos 30 + ¢ sin 30 and if

ke Z.

a
Soln.: It is given that @ = cos 0 + i sin 0, b = cos 20 — i cos 20, ¢ = cos 30 + i sin 30 and also, |b
C

We have to show that, 6 =2k, ke Z
We can solve this problem by simply expanding the given determinant and equating it zero.

a b ¢

o o

ST SR~

Q0

=0 show that 6 = 2k m,

[ O

S Q_ 0
1l
(=]

A=|b ¢ a =(a+b+c)(a2+b2+02—ab—bc—ca)=%(a+b+c)[(a—b)2+(b—c)2+(c—a)2]=0

c a b
= a+b+c=0o0ra=b=c

Ifa +b+c=0,wehave cos 6 + cos 20 + cos 36 =0

sin 0 —sin 20 + sin 30 =0
cos 20 (2cos06—-1)=0
and sin 20 (1 —2cos0) =0

(D)

Which is not possible as cos 20 = 0 gives sin 20 # 0, cos 6 # 1/2
and cos 6 = 1/2 gives sin 20 # 0, cos 6 # 1/2

. Equation (1) do not hold simultaneously ..a +b+c#0 ..a=b=core?®=¢

which is satisfied only by e® =1 ie.cos0=1,sin0=0,s00=2k T, k € Z.

—210

= 30

COS X x 1

8. Letflx)=|2sinx x*
tanx x 1

COS X x 1

Soln.: flx)=|2sinx x> 2x
tanx x 1

2x |, evaluate lim [f'(x)/x].
x—0

To find out the value of 1irr(1) [f'(x)/x]

We will try to simplify the given determinant by applying elementary row and column operations.
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cosx x 1
flx) = |2sinx  x* 2x
tanx x 1

cosx—tanx 0 0
- 2
Applying R, —» R, — R3, we get flx) = 2sin x xT o 2x
tan x x 1
Expanding along R, we get flx) = (cos x — tan x) (x? — 2x?) = —x%(cos x — tan x)
f’ (x) = —2x(cos x — tan x) — x% (—sin x — sec?x)

lim& = lim {-2 (cos x — tan x) + x(sin x + sec2x)} = -2 x 1 = -2.
x>0 x X0
n " Cr—2 " Cr—l " Cr
9. Sum the series Y (-2)"| -3 1 1 |, forn>2.
r=2 2 -1 0
n " Cr—2 " Cr—l " Cr
Soln.: The given determinantis A= ) (-2)"| -3 1 1
r=2 2 -1 0
Applying C; — C; + 2C, + C;
n ! Cr " Cr—l " Cr n n
S=>2"0 1 1 | =22 "C = > (=2 "C, -("C,-2"C)
r=2 0 -1 0 r=2 r=0

=(1-2r-(1-2n)=2n—1+ (1)

r—1 (I" + 1)' 2
A +1/r) "
10. IfA, = | 4 b c . then evaluate the value of D A,.

r=1
271 (+D!I-1 n@n+1)

prt D!
(4 +1/r)
Soln.: A determinant A, =| a b ¢

2"-1 (m+D)-1 n@m+1)

We have to evaluate the value of )_A,.

r=1
We know that if in a determinant two rows or two columns are same then the determinant is equal to
Zero.

S o1 D! S
y Z;; Z(l 1) Er
We have Z,;A’ = 4 b c

2"-1 (m+D)E1 n@m+1)

But Z2r_l =2" —1,221”:2{%(11 +1)}=n(n+l)
r=1

r=1

g 1r:11/)r') _ Zr(r') ;(r+1—1)(r') _ rnzl{(rﬂ)!-r!}:(n +1)1-1
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2" =1 (m+D)!=1 n@m+1)

2A =] a b ¢ " R, and R; are identical
r=l 2" -1 (n+D!=-1 n@m+1)

(b+c)2 a’ a’
1LIFA =] »>  (c+a)* b* |, find det A.
? & (a+b)2

Soln.: C, - C, - C,, C; —» C; — C| gives

(b+c)2 a-b-c a-b-c
B> cta-b 0

A= , (@+b+c¢? R, >R, —(R,+R,) gives
c 0 a+b-c
bc —c -b

A= 2p* ct+a-b 0 |(a+ b +¢)?
2 0 a+b-c

1
C, > Cyt 3Cy Cy = Cy Le, gives
C

be 0 0
2

2 b
A=2b cta +C(a+b+c)2=2bc[(c+a)(a+b)—bc](a+b+c)2
2
cz +C_ a+b
b

= 2abc (@ + b + ¢).

ax—-by—cz ay + bx cx+az
12. Ifa, b, c € R and not all zero then show that | 4% bx  by-cz-ax bz+cy |=0
cx+az bz +cy cz—ax—by

represent either equation of plane excluding a particular point or represent that point only or plane
including that point.

ax—by—cz ay+bx cx+az
Soln.: We have, | ay+bx by—cz—ax bz+cy |=0
cx+az bz+cy cz—ax—by
azx—aby—acz ay+bx cx+az
1 2
= - a“y+abx by—cz—ax  bz+cy |=0 (C;— Cy+bCy+cCy)
acx+a*z bz+cy cz—ax—by
X ay+bx cx+az x> bxy+bx? ex? +axz
= (@+b2+c)—|y by—cz—ax  bz+cy |=0 = (a®+b2+cd)—|y by-cz—ax  bz+cy |=0
z bz+cy cz—ax—by 2 bz+cy cz—ax—-by

Rl —>R1 +yR2 + ZR3
1 b c
= (@2+b%+cd (x2+y2+22); y by—-cz—ax bz+cy |=0

z bz+cy cz—ax—by
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R2 —>R2 —le and R3 —>R3 —ZRl

1 b c
= (@2+b2+c2)(2+y2+ Zg)l 0 —cz—ax bz |=0
ax cy —ax—by

1
= — (@2 +b%2+c?) (% +y%+2?) (acxz + a®? + beyz + abxy — beyz) =0
ax

= (@+b2+c)2+y?+2)(ax +by +c2)=0

= either x2+y?2+22=0 or ax+by+cz=0

If (x2 + ¥% + 2% # 0) or both zero

= represent sphere with radius zero i.e. point origin only or representing plane excluding origin or
plane containing origin.

13. If A # 0 and A°¢ denotes the determinant of co-factors then A = A~ 1, where n(> 0) is the order
of A. In particular A is of order 3 then A° = A2,

ap;p di2 a3 G Gy G
Soln.: Let A= |ay; a5 ax|#0 then A= |C,, G, Cyp
dz1 dzy dzz Gy Gy Gy

we prove the theorem for n = 3
we know that ¥ a;, ¢, =Aifi=j=0if i 2
ay ap az| |G Gy G
Now A . A= |[ay;  ay  ay|x|Cy Gy Co
ay; axp ax| |Gy Gz Gsg
Zalpclp Zalpc2p ZaIpCBp
=|Xa,,C, Xa,,C,, Xa,,C;,| (using row x row multiplication)

Za3pclp z:aBpC2p z:aBpCBp

A 0 O
A.A=|g A 0| =A3
0 0 A

AsA#0, . A= A2,

c

b
g 7| and B = A?
1 1

14. Let A =

-

I (@a-b2+@-9? =25
b-cP+(q-r? =36
(c—a?+ (r—p? =47

then find det B.

Soln.: det A is twice the area of the triangle with vertices (a, p), (b, q), (¢, r) with sides 5, 6, 7

A2=s(s-a)(s-b)(s—c)
16A2 =18 -8 -6 - 4
det B = (det A)? = 4A? = 18 - 8 - 6 = 864.

a b ¢

15. Let a, b, ¢ be positive and not all equal. Show that the value of the determinant |? ¢ 4 is negative
c ab
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a b ¢
Soln.: LetA=b ¢ a
c a b

Expanding A = a (bc —a?) — b (b%2—ac) + ¢ (ab — ¢?) =—{a’ + b +c® —3abc]
= —[%(a +b+c)2a” +2b° + 2¢® — 2ab — 2bc — 2ca)}

1
:—E(f“berC)[(ﬂ—b)2 +(b—c)’ +(c-a)’]<0 (-» a, b, c are +ve and not all equal)

16. Without expanding a determinant at any stage, show that

2+ x x+1 x =2

2x% +3x -1 3x 3x =3 | =xA + B where A and B are determinants of order 3 not involving x.
X +2x+3 2x-1 2x-1

X+ x x+1 x—-2
Soln.: Given a determinant | 2x* + 3x — 1 3x 3x -3

P H2x+3 21 2x-1
We have to determine two determinants A, B of order 3 not involving x such that the given determinant

=Ax + B.
The procedure will involve making as many as possible entries to be zero by using the elementary row
and column operations.

X2+ x x+1 x—2
2x? +3x -1 3x 3x-3| (Apply R; > R+ Rs)
x2+2x+3  2x-1 2x-1

2x% +3x+3 3x 3x -3
=[2x2+3x -1 3x 3x-3| ByR,—>R;—-Ry)
2 +2x+3  2x-1 2x-1

4 0 0
= |2x? +3x -1 3x 3x-3| (ByCy— Cy—C5)
x2+2x+3  2x-1 2x-1
4 0 0
=|2x*+3x-1 3 3x-3| (ByC,—>C,—Cy)
X2 +2x+3 0 2x-1
4 0 0
—[2x*+2 3 3x-3
x2+4 0 2x-1
2

b X
ByR, > R,— | |Ri and Ry > Rs— | 4 R,

2
4 0 0 4 0 0 4 0 0 4 0 O 4 0 0
=2 3 3x-3[=|2 3 3x|+|2 3 3| =x|2 3 3(+|/2 3 -3
4 0 2x-1 4 0 2x 4 0 -1 4 0 2 4 0 -1
4 0 0 4 0 0
ThusA=|2 3 3|, B=|2 3 3| areoforder 3 and independent of
4 0 2 4 0 -1
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17. Show that the system of equations 3x —y + 42 = 3, x + 2y — 3z = -2, 6x + 5y + 1z = —3 has at least one
solution for any real number 1! —5. Find the set of solutions if 1 = —5.

3 -1 4
Soln.: p=|1 2 3 =3C@CA+15)+(A+18)+4(5-12) =7(A +5)
6 5 A

For unique solution D#0 .~ A+5#0 .. A#-5

3 -1 4
IfA=-5D=0then D,=|2 2 -3 =3(-10+15)+1(10-9)+4(-10+6)=15+1-16=0
3 5 -5
3 4
D,=[1 -2 -3/=3(10-9)—3(-5+18)+4(-3+12)=3-39+36 =0
3 5
3 -1 3
Dy=[1 2 -2/=3(-6+10)+1(-3+12)+3(5-12)=12+9-21=0
6 5 -3

~. The system has infinite number of solutions.
Let z = k. then the equations become 3x —y =3 — 4k, x + 2y = 3k — 2.
4-5k  13k-9

Solving, x= , ,z=k,keR
ing, x - y ; z €

18. Let abe a repeated root of a quadratic equation f (x) = 0 and A (x), B (x), C (x) be polynomials of degree
A(x) B(x) C(x)

3, 4 and 5 respectively. Then show that Al Bl Clo) is divisible by f(x) where dash
A'(lo) B'(a) C'(ar)

denotes the derivatives

Soln.: Clearly, since o is a repeated root of the quadratic equation f (x) = 0, therefore f/ (x) = a (x — )2 where
(@ #0)

A(x)  B(x) C(x) A(a)  B(a) C(a) '
Let g(x)=| A() B(a) C(a)| - g(a)=|A(e) B(a) C(ar)|= 0 Zﬁ;ﬁgﬁ;ﬁ and 2
A'(a) B'(a) C'(a) A'(a) B'(a) C'(a

Al(a) B'(a) C'(a)

- g'(@)=|A(a) B(a) C(oc)=0 since rows 1 & 3

are identical

>
&
SD'
5
OQ_
I
2=
£
=
£
[®)
e

Thus o is repeated root of g (x) = 0 .. g (x) is divisible by (x — a)? .. g (x) is divisible by f (x).

C, "C., "C.l [C. TUCL, TTC,
19. Show that|’C, °C,,, “C, ,|="C, yﬂCrﬂ y+2Cr+2
C, °C., C.,| [°C. TTC., TUC,
G C, TG,
Soln.: Let A="C. °C . °C,,
¢ C, TG,
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Operating C, — C, + C,, then C, —» C, + C, and using "C_+"C_, = "'C,
C. x+1 C.. x+1 C.,
A=|"C, C., TUC,,
°C, 241 C.. 241 C.,
Again operating C, — C, + C,

X x+1 x+2
Cr Cr+l Cr+2
|y y+1 y+2
A= Cr Cr+l Cr+2
z z+1 z+2
Cr Cr+l Cr+2

a-1 n 6
20. Let Aa=|(a—1)> 2n® 4n-2 |.Show that Y Aa=c, a constant.
(a-1)° 3n’ 3n°-3n -
a-1 n 6

Soln.: Here Au=|(a—1)> 2n* 4n-2
(a-1)° 3n° 3n’-3n

Taking summation over a » Aa=|> (a—-1)> 2n* 4n-2
a=1 a=1
D> (a-1)* 3n® 3n*-3n
6 n 6 “~
4n-2 2n* 4n-2
3n*-3n 3n° 3n’-3n =

x0=0 (- two column’s are identical)

=0, a constant.

21. Let the three digit numbers A28, 3B9, and 62C, where A, B and C are integers between 0 and 9,

A 3 6
be divisible by a fixed integer k. Show that the determinant |8 9 (| is divisible by k.
2 B 2
Soln.: A28 = 100A + 20 + 8 = ak e (D)
3B9 =300 + 10B + 9 = bk e (2)
62C = 600 + 20 + ¢ = dk e (3)
Where A28, 3B9, 62C are divisible by 2 and a, b, d are suitable positive integer.
A 3 6
Now Det = 89 ¢C
2 B 2
A 3 6
R, >100R, +10R; +R,, Det=|A28 389 62C| (yygin (1), (2), (3))
2 B

A 3 6 A 3 6
=lak bk dk =kla b d is divisible by k.
2 B 2 2 B 2
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p b ¢

22. Ifa#p,b#qg,c#rand |[a q c¢|=0, then find the value of P, 94 4 .
p—-a q-b r—c

r

a b r
p b ¢

Soln.: a g ¢=0
a b r

Applying the operations, R, - R, — R and R, » R, - R; gives

p—a 0 c—r
0 qg-b c-r|=0

a b r

On solving this determinant we get =(q—b) [(p-a)r-a(c-r)l-[(p-a)(c-r)-0] xb

=(@-b)p-a)r—-(@-b)c-ra+(p-a)c-r)b

Nowb=(g—(g-b))anda=(p-(p—a))

=(@-b)p-a)r+ (g-b)r-c)p-p+a)+(pP-a)(r-c)(@q-qg+b)=0

=(@-b)(p-a)r+ (g-b)(r-c)(p)—(p-a)(@->b)(r-c)
+p-a)r-c)@-(@-b)(p-a)(r—c)=0

Now dividing throughout by (p —a) (¢ —b) (r —c¢)

r pP q r pP q
+ -1+ -1=0 =>—+—+—"-=2
Vvegetiuwr p—a q->b r—c p—-a q-b

nl (m+1)! (n+2)!
n+1)! (n+2)! (n+3)!
n+2)! m+3) (n+4)!

23. For a fixed positive integer n, if A =

A
; then show that {( ) - 4} is divisible by n.
n:

Soln.: For a fixed positive integer n
nl o m+D)! (n+2)!

A=|m+1)! (n+2)! (n+3)!
(n+2)! (n+3)! (n+4)!

A
We have to prove that L ) —4} is divisible by n
n:

We will try to simplify the given determinant by elementary row and column operation and then expand
it in order to get required result.
nl m+D)! (n+2)!
The given determinantis A = |(n+1)! (n+2)! (n+3)!
n+2)! (m+3)! (n+4)!
Taking n!, (n + D!, (n + 2)! Common from R;, R, and R; respectively, we get
1 (+1) (m+2)n+1)

A=nln+Dn+D!1 (n+2) (n+3)(n+2)
1 (n+3) (n+4)(n+3)

I (n+1) (+D)(n+2)
A3 = (””)!(”;2)!‘1 (n+2) (n+2)(n+3)
() Y7 (3 (3
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1 n+l (m+D)(n+2)

=+ 1)2 (n+2)0 1 2(1’[ +2) (R2—>R2—R1, R3—>R3—R2)
0 1 20+3)
=(n+1)?2(n+2).2=2[n%+4n%+ 5n + 2]
A

—4 =2n(n? +4n +5)

(n1)’

A
Hence [( ) —4j is divisible by n.
n:

24. Let A and a be real. Find the set of all values of A for which the system of linear equations
Ax + (sin o)y + (cos o)z = 0, x + (cos o)y + (sin a)z = 0, —x + (sin a)y — (cos a)z = 0 has a non trivial solution.
For )\ =1 find all values of a.
Soln.: Given A and o be two real numbers.
Also Ax + (sin o)y + (cos a)z = 0
x+(cosa)y +(sina)z =0
—x + (sin a)y — (cos o)z = 0 has a non trivial solution.
We have to determine A for which the system has non trivial solution.
Also for A = 1 we have to find value of a.
The system of homogeneous equations has the non trivial solution if A = 0.

A sino  cosa
System has non-trivial solution so,A=| 1 cosa sina [=0

-1 sino —cosa
Al—cos? a—sin? o] — [-sin o cos a.—sin o cos o] — [sin?o.—cos2o] =0
or —A + sin 20 + cos 2a.=0

= A =sin 2a + cos 200 = /2 cos(20 — /4) (1)
Since -1 < cos(2o—w/4) <1 . —v2 <A< 2

= e [V2,42] (2)
Now for A =1

cos(20—w/4) = IN2 = 20— /4 =2nn + /4
or 2o = 2nmn or 2nw + /2
o=nnornn+ /4 neZ.

cos(A—-P) cos(A-Q) cos(A-R)
25. For all A, B, C, P, @, R, show that |[cos(B—P) cos(B-@Q) cos(B-R)=0
cos(C—-P) cos(C-Q) cos(C-R)
Soln.: Expanding Ist column using cos(A — B)

cosA cos(A-Q) cos(A—-R) sinA cos(A-Q) cos(A-R)
Given determinant = cosP|cosB cos(B—Q) cos(B—R) +sinPsinB cos(B-@Q) cos(B-R)
cosC cos(C-@Q) cos(C-R) sinC cos(C-Q) cos(C-R)
Now C,— C, - C,cos @ & C; — C, - C, cosR
cosA sinA sinA sinA cosA cosA
Determinant = cosPsin@sinR|cosB sinB sinB| +sinPcosQcosR|sinB cosB cosB/=0
cosC sinC sinC sinC cosC cosC

(Two columns of a determinant are identical).
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1 1 1

a ala+d) (a+d)(a+2d)
1 1 1

26. For a > 0, d > 0 find the value of the determinant | ;17 (s+d)(a+2d4) (a+2d)(a+3d)
1 1 1

a+2d (a+2d)a+3d) (a+3d)(a+4d)

1 (a+d)(a+2d) a+2d a

a(a+d)2(a+2d)3(a+3d)2(a+4d)X (ﬂ+2d)(ﬂ+3d) a+3d a+d
(a+3d)(a+4d) a+4d a+2d

Soln.: Determinant =

(a+d)(a+2d) (a+2d) a (a+d)(a+2d) a+2d a

AsA=(a+2d)(a+3d) a+3d a+d|= | (a+2d)2d d d .
(ApplyingR, > R.-R,R,—>R,—-R)
(a+3d)(a+4d) a+4d a+2d (a+3d)2d d d : gooEee 2

On expanding, A = 2d? [(a + 2d) d — ad] = 4d*

44*
= Value of given determinant is a(a+ dy(a+2d) (a+3d) (a+ 4d)

bc ca ab

27. Find the value of the determinant |” 7 7| where a, b and ¢ are respectively the p®, ¢ and rt
1 1 1

terms of a harmonic progression.

111
bc ca ab a b c

Soln.: - A=|p ¢ r|= abclp q r - a, b,and c are in H.P., the p®™, ¢*, r'" term respectively
1 1 1 111

1:A+@—DD,%:A+W—DD,1:A+@—DD
a Cc

where A be the first term and D be common difference

A+(p-1)D A+(qg-1)D A+(r-1)D

s A=abc p q r
1 1 1
A A A 1 11
Operating R,— R, (R, — R,)D we get abc\p q r| = abcAlp q 1/=0
1 1 1 1 11
-+ two rows are identical.
sin 0 cosB sin©

. 2n 2n . in
28. Prove that for all values of 6, Sm(e +T) Cos(e +T) sln(6+7) =0

sin(e - 2—”) cos(e - 2—”) sin(e - 4—”)
3 3 3

Soln.: Denote the determinant on the LHS byA applying R,— R,+ R, and using
sin(A + B) + sin(A — B) = 2sinAcosB
and cos(A + B) +cos(A — B) = 2cosAcosB
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sin©® cos6 sin©

we get A= 2sinecos(23nj 2cosecos(23nj 2sin6cos(4—3n)
2sin(6—2nj cos(e—znj sin(e—M)
3 3 3
But cos (%IJ = cos (n - g

therefore R, and R, are identical.
Thus,A=0v 06 € R.
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29. Let a,b,c are real numbers with a® + b2 + ¢ = 1. Show that the equation represents a straight line.

ax—by—c bx + ay cx+a
bx+ay —ax+by—c cy+b |=0. (2001)
cx+a cy+b —ax—by+c
Soln.: Let us denote the given determinant by A, then using C, — aC,, we can write A as
a’x—aby—ac bx+ay cx+a
A=l abx+a’y —ax+by—c cy+b
a
acx+a’ cy+b —ax—-by+c
(a*+b*+c*)x bx + ay cx+a
Applying C, - C,+b C,+c C, we get A:i (@®+b*+c%)y —ax+by—c  cy+b
a’+b +c cy+b —ax—by+c
x bx+ay cx+a
A:ly —ax+by—c cy+b (','a2+b2+c2:1)
¢ 1 cy+b —ax—by+c
b ay a
Alpplying C, - C,~b C,,C, - C,~cC,, weget A=Ly —ax—c b
1 cy —ax—by
x axy —ax
Multiplying R, by x, we get A= a—lx y -—ax—c b
1 cy —ax —by
x4y +1 0 0
Applying R, - R +yR, + R, we get A - L y —ax—c b
ax
1 cy —ax—by
. 1/, N —(ax+c¢) b
Expanding along R, we get A = (x?+y+1)
ax cy —(ax+by)
:i(x2 +y° +1){(ax+c)(ax+by)—bcy} :i(x2 +y° +1){ax(ax+by) +c(ax+by)—bcy}
ax ax
1
:;(xz +y" +1){ax(ax+by)+clan)} = (x> +y2+ 1) (ax + by +¢)
ThusA=0. = @?+y?+1)(ax+by+c)=0
Asx?+y2+1>0 weget A=0 = ax+ by +c =0 which represents a straight line.
a b c
30. If matrix A=|b c a|where a, b, ¢ are real positive numbers, abc = 1 and AT A = I, then find the
c ab
value of a@® + b% + c°. (2003)
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Soln.: ATA=1

ab clla b c 1 00 a>+b>+c* ab+bc+ca ab+bc+ca 100
c allb ¢ a|=|0 1 0| =|ab+bc+ca a*+b*+c* ab+bc+ca| =|0 1 0
c a bllc ab 0 01 ab+bc+ca ab+bc+ca a®+b*+c? 001
= a?+b2+c?=1 .. (D)
andab +bc+ca=0 ....(2)
Nowal+b3+c?=(a+b+c)(a®+b%+c?>—ab—-bc—ca)+ 3abc
=(@+b+c)+3 (3)

Now (a+b+c)i=a?+b2+c2+2(@b+bc+ca)=1+20=1

= a+b+c=1(since a, b, ¢ are real positive number)

Now from 3)a®+b3+c¢®=1+3=4

Aliter :ATA=1= |ATA|=1|= |AP=1 = (a®+b% +c®— 3abc)?’=1

= a®+b%+c®-3abc=1 (sincea, b, c are positive real number

=S a*+b®+c32>23abc fromAM>GM) = a*+b3+c*23=a®+b3+c*=4

31. If M is a 3 x 3 matrix, where det (M) = 1 and MMT = I, then prove that det (M — 1) =0 (2004)
Soln.: For any matrix M there exist a real number A and a non-zero column vector X such that

M-2DX=0

= MX=)\MIX > MX=\X e (1)
taking transpose of both side of (1)

XTMT =\ XT e (2)
Multiplying (1) and (2)

XTMTMX =2 X"XasM"™ M= = XTIX=MXTX = XTX=2?XTX asXisanon zero column vector
XTX=0

= AM=1 = A=1lor-1 ..whenA=1

M-DX=0 = |M-DX|=0 = |[M-I|=0

a b c
Aliter: Let M=|d e f
g h t

Since M M"=1 .. M"isinverse of M

= M7 is adjoint of M [Since det (M) =1]
a d g et—fh ch-bt bf—ce

=|b e h| =|gf-dt at—cg cd—af
c f t dh—eg bg—ah ae—bd

. (D

a-1 b c
Now M-Il=| d e-1 f
g h  t-1
On expanding above determinant and using (1)
|M-1I|=0
a 1 0 a 1 1 f a’ X
32, A=|1 b d|,B=0 d c|U=g|, V=10, X=y| 1f AX = U has infinitely many solutions, prove
1 b c f g h h 0 z
that BX = V has no unique solution, also prove that if afd # 0, then BX = V has no solution.

(2004)
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a1 0 x| | f
Soln.: AX=U =|10b d : y|=|g
1 b c : z h
0 1-ab O0-ad x| | f-ag
=1 b d s yl=| 8 as AX = U has infinitely many solution
0 O c—d z h-g

(R,->R,-aR,,R,—>R,-R)
=>d=candh=g¢g

a 1 1 : x a
NowBX=V =0 d ¢ : y|=|0
f g h:z| |0
a 1 1 cox] [ a2
=|0 d c cyl|=| 0 . (1)
_i_g( _i) . |—af
0 0 h | & il I z_

Ifc=d=0andh =g clearly BX = V has no unique solution ifc=d=0, h—i—i(g—£)=0

a
= [AX]=0=  BX=Vhasno unique solution

Now as afd #0
= a#20,f#20,d#20 = A:X]=0butas—-af=0 .. from equation (1)

BX = V has no solution.
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m One Correct Option

at+x a X
1. Ifja-x a x|=0,thenxis
a—x a —X
(a) 0 (b) a (© 3 (d) 2a.
0 p-q p-r
2. |g-p 0 g-r|isequalto
r—-p r—gq 0
(@ p+qg+r (b) 0
) p—q-r (d) p+qg+r.
6i -3i 1
3. If|{4 3i -1|=x+1iy,then
20 3 i
(a)x=3,y=1 (b) x=1,y=3
() x=0,y=3 (d) x=0,y=0.

4. Ifx,y, z are integers in A.P., lying between 1
and 9, and x51, y41 and z31 are three digit

5 4 3
numbers then the value of | ¥51 y41 z31|is
x y z
@ x+y+z b)) x—y+z
() 0 (d) none of these.

5. Twonon-zero distinct numbers a, b are used as
elements to make determinants of third order.
The number of determinants whose value is
zero for all a, b is

(a) 24 (b) 32
() a+bd (d) none of these.
x 2 3

6. The sum oftwo non-integral rootsof |3 x 3

) 5 4 x

is

(a) 5 (b) -5

(¢c) —18 (d) none of these.

cos2x sin’x cosdx
7. Ifthe determinant |sin’x cos2x cos®x| is
cos4x cos’x cos2x
expanded in powers of sin x, then the constant
term in the expansion is
(a) 1 (b) 2
(c) -1 (d) none of these.
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10.

11.

12.

13.

14.

The equations x +y + z = 6, x + 2y + 3z = 10,
X + 2y + mz = n give infinite number of values of
the triplet (x, y, z) if

(@ m=3,ne R (b) m=3,n+#10

(¢) m=3,n=10 (d) none of these.

The system of equations 2x + 3y = 8,
Tx -5y +3=0,4x -6y + A = 0is solvable if A is
(a) 6 (b) 8 (c) -8 (d) -6

cos 0/2 1 1
If A = 1 cos0/2 —cos0/2| lies in the
—cos 0/2 1 -1
interval

(a) [2,4] (b) [0,4] (c) [1,3] (d) [-2,2]

245 2-3i 4+i

8i 3i =5i
2-5i 2+3i 4-i
(a) both Re (z) and Im (z) are non-zero
(b) z is purely real

Ifz= , then

(¢c) zispurely imaginary

(d) z=0.
If a, b, ¢ are the sides of a triangle ABC such
2 2 2
a b c

that |(a+1)> (B+1)* (c+1)*| =0, then
@-17 ®-1° (-1’

(a) AABC is a non-isosceles right-angled
triangle

(b) AABC is an equilateral triangle

(¢c) AABC is an acute angled triangle with no
two angles being equal

(d) AABC is an isosceles triangle.

Ifxe R,
1 x x+1
flx) = 2x x(x —1) x(x +1) |, then
3x(x—-1) x(x—-1)(x-2) x(x2 -1)
f27) =
(a) 0 (b) =27  (c) 27 (d) 1.

If the system of equations —ax +y + z = 0,
x—-by+z=0andx+y-cz=0(a,b,c21) hasa

non-zero solution, then ! + ! + L
l+a 1+b l+c

(@) 0 () 1 (c) 2 (d) 3.
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15.

16.

17.

18.

19.

20.

1 n n
IfD,=| 2k n?+n+2 n’ +n and
2k -1 n? n?+n+2

Y D, =48, then n equals
k=1
(a) 4

(b) 6
(c) 8 (d) none of these.
k k+2 k+3
X
If yk k+2 k+3
k k+2 k+3
z z z

1 1 1
=x-y)y-2) (z—x)[;+;+—j,then

z

(ak=-2 ) k=-1 () k=0 (D k=1
a X X X

If | * pox x =flx) —xf’ (x) then flx), is equal
X x y x
X x x 0

to

(a) @—o) (x—P) (x—7y) (x—9)

) x+a) x+P) x+7y) (x+93)

(©) 2x—a) (x—P) (x—7) x—9)

(d) none of these

If o, B be the roots of the equation
ax® + bx + ¢ =0, let S, = o* + B" for n > 1. Then

the value of

3 1+,
A=|1+85 1+,
I+8, 1+8; 1+8§,

(a+b+c) (b* —4ac)
2) 4 () a+b+c
(a+b+0)°*(b* —4ac)
(c) 2

a
(d) none of these.

1+,
1+85] is

(

2
X cosx €

If x) = | sinx x> sinx , then the value of
tan x 1 2
n/2
I f(x) is equal to
—-n/2
(a1 (b) g () g (d) zero
The system of equations

x—ycosO+zcos20=0,—xcosO+y—zcos0=0,
x c0s20 —y cos 0 + z = 0, has non-trivial solution

for 6 equal to
(a) /3 (b) n/6
(c) 2m/3 (d) for all values of 0.
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22,

23.

24,

25.

26.

1 2 4 0 2 4
IfA=12 3 2|andB=|1 3 2|,then
31 5 -1 1 5

A+ Bis
(1 -2 4 1 2 8
(a) |3 3 2 Mo |3 3 4
_2 1 5 2 1 10
(1 -4 8
) |3 6 4 (d) none of these.
2 2 10
AT =2
The matrix |4 1 3 | is a singular matrix if
2 -1 2
Als
(a) —2/5 (b) 5/2
(¢) =5 (d) none of these.

If A and B are skew symmetric matrices of or-
der n, then

(a) A + B is skew symmetric

(b) A + B is symmetric

(¢) A + Bis a diagonal matrix

(d) A + B is a zero matrix.

1 -1 1

IfA=|1 2 0], then the value of |adj A| is
1 3 0

equal to

(@) 5 (b) 0

() 1 (d) none of these.

4 1 0 O
The rank of matrix |3 0 1 0]is
5 0 01

(a) 4
(c) 2

The system of equations
x+y+z=2
2c—y+3z=5
x—2y—-z+1=-1

written in matrix form is
[x][1 1 1] [-2]

@ y]{z -1 3 (=5

z||l 2 -1 -1

(b) 3
(d) none of these.

1 1 1 ][x 2
) |2 -1 3 ||y|=|S5

11 =2 -1]|z] |-1]
11 1 [x] [2

(© (2 -1 3|»y|=]|5
1 =2 -1)|z] |0

(d) none of these. -
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27.

28.

29.

30.

31.

32.

33.

34.

35.

0 f g
IfA=|-f 0 h|, thenAis
-g -h 0

(a) diagonal
(c) symmetric

(b) upper triangular
(d) skew symmetric.

If A and B are two matrices such that A + B and

AB are both defined, then

(a) A and B can be any matrices.

(b) A, B are square matrices not necessarily of
same order.

(c) A, B are square matrices of same order

(d) number of columns of A = number of rows
of B.

0 1
The matrix [1 0} is the matrix of reflection in

the line

(a)x=1 (b) y=1
© x+y=1 d x=y.
x+1 5 1. [3 5
If[ 4 y—2}_[4 3}, then
(a)x=2,y=5 (b) x=4,y=2
() x=2,y=4 (d) x=4,y=5.
2 0 1
IfA=|2 1 3|,thenA®—5A +6l=
1 -1 0
+1 -1 =5 1 -1 -3
(@) |- -1 4 ®) |-1 -1 -10
-3 -10 4 -5 4 4
(¢) O @I

If A = (a;;) is a scalar matrix of order n x n such
that a;; = & for all i, then |A| is equal to
(@nk (M n+k @ nf @ %"

1

!

ﬂ, then A" is equal to
1 2n 2 n
(a) [0 1} (b) [0 1}

1 2n 1 n
(c) [0 _1} (d) [0 1}

2+x 3 4
1 -1 2 | is a singular matrix, then x is
X 1 -5

(a) 13/25 (b) —25/13 (¢) 5/13 (d) 25/13
coso. —sina 0
Let F(o) = |sina  cosa 0,
0 0 1
cosp 0 sinf
Gp=| 0 1 0}
—-sinB 0 cosfP
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36.

37.

38.

39.

40.

41.

42,

then [F(o) G(B) ™ is equal to
(a) F(o) — G(B) (b) —F(o) — G(B)
@ [Fl™ [GEIT (@ G [Fla™

For each real number x such that -1 <x <1, let

A(x) be the matrix (l_x)l/z(_lx —lx) and

xX+y

, then
1 +xy

(a) AR) =Ak) +Aly) (b) Az) =A(x) [Ap]™
(c) Alz)=Ax) A(y) + {1 +xy
(d) AG) = Alx) —A(y)

If B is a non-singular matrix and A is a square
matrix, then det (B~ AB) is equal to

(a) det(B) (b) det(4)

(c) det(B™) (d) det(A™)

If[ 1 —tan 6}[ 1 tan 6}1 :[a —b}
tan © 1 —tan 0 1 b al
then

(a)a=1,b=1 (b) a =cos 0,b =sin 0
(¢) a=sin 20, b = cos 20

(d) @ = cos 20, b = sin 20

IfA=[Z ﬂ,f:[g ﬂ then

(a) a=a®+b% B=ab
(b) a=a®+b% B =2ab
) a=a’+b% B=a’-b°
(d) o=2ab,B=a’+0b>

Z =

a a* l+d°

If b b2 1+03
c 2 1+¢3

= 0 and the vectors

1, a, a2), 1, b, b2), 1, c, ¢?) are noncoplanar,
then abc =
(a) 2
(1

(b) -1
(d) 0

If the system of equations

x+ 2ay + az =0, x + 3by + bz = 0,

x + 4cy + cz = 0 has non-zero solution, then
a, b, ¢ are in
(a) AP

(c) H.P

(b) G.P
(d) none of these

If 1, m, ®® are the cube roots of unity,

1 n Q)Zn
then A = | ®" o 1 |=
